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Sr Iſaac Newton, N. Preſident 
of the Royal Society. 
S.1:KR „ 

HE Fw help I have re- 
ceive 


in writing upon this Sub- 
2 ject having been from your In- 
comparable Works, eſpecially your 
Method of Series; I think it my Duty 
publickly to acknowledge, that the 
Improvements I have made in the 
matter here treated of, are principally 
derived from your ſelf. The great 
benefit which has accrued to me in 


1 The Dedication. —_— 
Marks of your Favour are the more 
valuable to me, becauſel had no other 
pretence to them, but the earneſt de- 
fire of underſtanding your ſublime 
and univerſally uſeful Speculations. 
Tſhould think my ſelf very happy, if, 
having given my Readersa Method of 
calculating the Effects of Chance, as 
ey are the reſult of Play, and thereby 
fix d certain Rules, for eſt imating how 
far ſome fort of Events may rather be 
owing to Deſign than Chance, I could 
by this ſmall Eflay excite in others a 
defire of proſecuting theſe Studies, 
and of learning from your Philoſophy 
how to collect, by a juſt Calculation, 
the Evidences of exquiſite Wiſdom 
and Deſign, which appear in the Phe- 
nomena Of Nature throughout the 
Univerſe. I am, with he utmoſt 

Four moſt Humble, 
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Js now about Seven Tears, fince 1 gave 4 Specimen 
in the Philoſophical Tranſactions, of what I 
nom more largely treat of in this Book. The 
occaſion of my then undertaking this Subjetf was 
chiefly owing to the Defire and Encouragement of the Ho- 
nourable Mr. Francis Robartes, who, upon occaſion of 4 
French Tract, called, Analyſe des jeux de Hazard, which had 
Lately been 5 abliſhed, was pleaſed to propoſe to me ſome Pro- 
blems of much greater diſiculiy than any he had found in that 
Boot; which having ſolved to his Satisfaction, he engaged me 
fo Methodiſe _ Problems, and to lay down the Rales which 
had led me to their Solution. After I had proceeded thus far, 
it was enjoined me by the Royal Society, to communicate to them 
what I had diſcovered on — Subject, and thereupon it was 
ordered to be publiſhed in the Tranſattions, not as 4 matter re- 
lating only to Play, bat as containing ſome general Specul ations 
not unworthy to be conſidered by the "Lovers of Trath. 
bad not at that time read any thing concerning this Sub. 
jet, but Mr. Huygens's Book, de Ratiociniis in Ludo Aleæ, 
and a little Engliſh Piece ( which was properly a tranſlation of 
it) done by a very ingenious Gentleman, who, tho capable of 
carrying the matter 4 great deal farther, was contented ro fol. 
low his Original; adding only to it the computation of the Ad- 
vantage of the Setter in the Play called Hazard, and ſome 
few things more. 41 for the French Book, I had ran it over 
but curſorily, by reaſon I had obſerved that the Author chiefly 
20 ited on the ** of — which I was m—__ _ | 
ol 


WEE 


N 


I "RE OS 7. 8 * em 


2 ⁰ . rn . AI rey. 
: * = 


n PREFACE 


| ſolved to reject, as not ſeeming to me to be the genuine and 


natural way of coming at the Solution of Problems of this kind. 
However, had I allowed my ſelf a little more time to conſider 
it, I had certainly done the Juſtice to its Author, to have own- 
ed that he had not only illuſtrated Huygens's Method by a great 
variety of well choſen Examples, but that he had added to it 


feveral curious things of his own Invention. 
Tuo I have not followed Mr. Huygens in his Method of 

Solution, tis with very great pleaſure that I acknowledge the Obli- 
 gations I have to him; his Book having Settled in my Mind 


the firſt Notions of this Doctrine, and taught me to argue about 
it with certainty. „ 

J had ſaid in my Specimen, that Mr. Huygens was the 
firſt who had Pablifhed the Rules of this Calculation, intending 
thereby to do juſtice to that great Man; but what I then ſaid 
was miſinterpreted, as if I had deſigned to wrong ſome Perſons 
who had conſidered this matter before him, and a paſſage was 
cited againſt me out of Huygens's Preface, in which be ſaith, 


Sciendum vero quod jam pridem, inter Præſtantiſſimos tota 


Gallia Geometras, Calculus hic fuerit agitatus; ne quis in- 


debitam mihi prime Inventionis gloriam hac in re 


tribuat. Bat what follows immediately after, had it been 


minded, might have cleared me from any * injaſtice. 
i 


The words are theſe Cæterum illi difficillimis quibuſque 
Quæſtionibus ſe invicem exercere Soliti, methodum Suam 
quiſque occultam retinuere, adeo ut a primis elementis 
hanc materiam evolvere mihi neceſſe fuerit. By which it 
appears, that the Mr. Huygens was not the firſt who had 
applied himſelf to thoſe ſorts of Queſtions, he was nevertheleſs 


the firſt who had publiſhed Rules for their Solution; which i 


all that I affirmea. 


Since the printing of my Specimen, Mr. de Monmort, 4 
es 


thor of the Analyſe jeux de Hazard, Publiſhed 4 Second 


Edition of that Book, in which he bas particularly given many 
proofs of his ſingular Genius, and extraordinary Capacity; which 


Teſtimony I give both to Truth, and to the Friendſhip with 
which he is pleaſed to Honour me. 5 
Such 4 Trat as this is may be uſeful to ſeveral ends; the 


firſt of which is, that there being in the World ſeveral inqui- * 
| fitive Perſons, who are deſirous to know what foundation they- 
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PREFACE. 1 
o apon, when they engage in Play, whether from a motive o 
; "Big or barely Dives they — by the th of this or Ml 
like Trait, gratifie their curioſity, either by taking the pains to 
underſtand what is here Demonſtrated, or elſe making uſe of the 
— and taking it for granted that the Demonſtrations 
are right. | 
— ſe to be made of this Doctrine of Chances is, that 
it may ſerve in Conjunction with the other parts of the Ma- 
thematicks, as a fit introduction to the Art of Reaſoning; it 
being known by experience that nothing can contribute more to 
the attaining of that Art, than the conſideration of a long Train 
of Conſequences, rightly deduced from undoubted Principles, of 
which this Book affords many Examples. To this may be adaed, 
that ſome of the Problems about Chance having a great appear- 
ance of Simplicity, the Mind is eaſily drawn into 4 belief, that 
their Solution may be attained by. the meer Strength of natural 
good Sence; which generally proving otherwiſe, and the Miſtakes 
occaſioned thereby being not unfrequent, tis preſumed that a Book 
of this Kjnd, which teaches to Sftinguiſh Truth from what ſeems 
Z nearly to reſemble it, will be look'd upon as a help to good 
Reaſoning. - 5 
Among the ſeveral Miſtakes that are committed about 
| Chance, one of the moſt common and leaſt ſaſpected, is that 
which relates to Lotterys. Thus, ſuppoſing a Lottery wherein 
the proportion of the Blanks to the Prizes is as five to one; 
"tis very natural to conclude that therefore five Tickets are re- 
quiſite for the Chance of a Prize; and yet it may be proved 
Demonſtr atively, that four Tickets are more then ſufficient for 
that purpoſe, which will be confirmed by often repeated Experience. 
In the like manner, ſuppoſing a Lottery wherein the proportion 
of. the Blanks to the Prizes is as thirty nine to One, (ſuch as was 
the Lottery of 1710) it may be proved, that in twenty eight 
Tickets, a Prize is as likely to be taken as- not; which tho it 
may ſeem to contraditt the common Notions, is nevertheleſs 
grounded = infallible Demonſtration. | 
When the Play of the Royal Oak. was in uſe, ſome Perſons 
who loſt confiderably by it, had their Loſſes chiefly occaſioned by 
an Argument of which they. could not perceive the Fallacy. The 
Oads againſt any particular Point of the Ball were one and 
Thirty to One, which intituled the Adventurers, in cale they 
| | A 2 | were 


WE ] PREFACE. 
were winners, to have thirty two. Stakes returned, including their 
own ; inſtead of which they having but eight and Twenty, it 
was ver) plain that on the Single account of the diſadvantage 
of the Play, they loſt one eighth part of all the Money they 
playd for. But the Maſter of the Ball maintained that they 
had no reaſon to complain; ſince he would undertake that any 
particular point of the Ball ſhould come up in two and Twenty 
Throws ; 4 this he would offer to lay a Wager, and aftually 
laid it when required. The ſeeming contradiction between the 
Odds of one and thirty to One, and Twenty two Throws for any 
Chance to come 15 Jo perplexed the Adventurers, that they 
legun to think the Advantage was on their ſide; for which 
reaſon they pla d an and continued to loſe. | | 
The Doctrine f Chances may likewiſe be 4 help to cure 4 
ind of Superſlition, which has been of long ſtanding in the 
Worl4, viz. that there is in Play ſuch .a thing as Luck, good 
or bad. I own there are 4 great many judicious people, who. 
wit / out any other Aſſiſtance than that of their own reaſon, are 
ſatisfied, that the Notion of Luck is meerly Chimerical ; yet I 
conceive that the ground they have to look upon it as ſuch, 
may ſtill be farther inforced from ſome of the following Conſi- 


derations. 


if by [ate that. e Man hes bad ood Lack, not hin ny 


was meant than that he bas been generally a Gainer at play, the 
Expreſſion, might be allowed as very proper in a ſhort way 


ſpeaking : But if the Word good Luck be underſtood to 44 


4 certain predominant quality, ſo inherent in 4 Man, that he 
muſt win whenever be Plays, or at leaſt win oftner than loſe, 
it may be denied that there is any ſuch thing in nature. 

The Aſſerters of Luck are very ſure from their owns Experi- 
ence, that at ſome times they have been very Lucky, and that 


at other times they have had a prodigious ran of ill Luck 


againſt them, which whilſt it continued obliged them to be very 
cautions in engaging with the fortunate ; but hom Chance ſhould: 
produce thoſe extraordinary Events, is what they cannot conceive ; 


They would be glad for Inſtance to be Satisfied, how they could 


boſe Fifteen Games together at Piquet, if ill Luck had not 


ftrangely prevailed againſt them. But if they will be pleaſed to 
conſider the Rules delivered in this Book, they will ſee tho). 


the Odds 42 4inſt their loſing ſo many times together be wery 
| | 5 | great 
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PREFACE. v 
great, Viz. 32767 to 1, yet that the Poſſibility of it is not de- 
ſtroyd by the greatneſs of the Odds, there being One Chance in 
32768 that it may ſo happen, from whence it follows, that it was © 
ſtill poſſible to come to . without the Intervention of what they 
call IIl Luck. | 

Beſides, This Accident of loſing Fifteen times together at Piquet, 
is no more to be imputed to ill Luck, than the Winning with one 
fingle Ticket the Higheſt Prize, in a Lottery of 32768 Tickets, is to 
be imputed to good Lack, ſince the Chances in both Caſes are perfectly 
equal, But if it be ſaid that Luck has been concerned in this latter 
Caſe, the Anſwer will be eaſy ; for let us ſuppoſe Luck not exiſting, 
or at leaſt let us ſuppoſe its Influence to be ſuſpended, yet the High. 
eſt Prize muſt fall into ſome Hand or other, not by Luck, ( for by 
the Hypotheſis that has been laid aſide) but from the meer Neceſſity 
of its falling ſomewhere, 

Thoſe who contend for Luck, may, if they pleaſe, alledge other 
Caſes at Play, much more unlikely to happen than the Winning 


or Lofing Fifteen Games together, yet ſtill their Opinion will never 


receive any Addition of Strength from ſuch Suppoſitions : For, by the 
Rules of Chaves 4 - _ be e in Poo thoſe Caſes may 
as probably happen as not ; nay, not only ſo, but a time may be 
computed. in which there may be any proportion of Odds for their 
ſo happening. | | 

But ſuppoſing that Gain and Loſs were ſo fluctuating, as always 
to be diſtributed equally, whereby Luck would certainly be annihila- 
ted; would it be reaſonable in thu C rh to attribute the Events of 


Play to Chance alone? I think, on the contrary, it would be guite 


otherwiſe, for then there would be more reaſon to ſuſpect that ſome 
unaccountable Fatality did Rule in it: Thus, If two Perſons play 
at Croſs and Pile, and Chance alone be ſuppos d to be concern d in 
regulating the fall of the Piece, is it probable that there ſhould be 
an Equality of Heads and Croſſes ? It i Five to Three that in four 
times there will be an inequality; *tis Eleven to Five in ſix, 93 
to 35 in Eight, and about 12 to 1 in a hundred times: Where- 
fore Chance alone by its Nature conſtitutes the Inequalities of Play, 
and there is no need to have recourſe to Lack to explain them. 

Further, The ſame Arguments which explode the Notion of Lack, 
ma, on the other ſide, be uſeful in ſome Caſes to eſtabliſh a due com- 


| pariſon between Chance and Deſign : We may imagine Chance and 


Deſign to be as it were in Competition with each other, for the pro- 


Chances may be apply d, is t 
cannot fail of pleafing the Mind, by their Generality and Simpli- 
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vi PREFACE. 
duct ian of ſome ſorts of Events, and may calculate what Probability 


there is, that thoſe Events ſhould be rather owing to one than to the 


other. To give a familiar Inſt ance of this, Let us ſuppoſe that two Packs 

Piquet · Cards being ſent for, it ſhould be perceived that there is, 
rom Top 10 Bottom, the ſame Diſpoſition of the Cards in both 
Packs ;, Let us likewiſe ſuppoſe that, ſome doubt ariſing about this 
Diſpoſition of the Cards, it ſhould be queſtioned whether it ought 
to 5 attributed to Chance, or to the Malers Deſign: In this caſe 
the Doctrine of Combination decides the Queſtion, fince it may be 


proved by its Rules, that there are the Odds of above 26313083 


Millions of Millions of Millions of Millions to One, that the Cards 


were defignedly ſet in the Order in which they were found. 


From this laſt Conſideration we may learn, in many Caſes, how 


to diſtinguiſh the Events which are the effect of Chance, from thoſe 
which are produc d by Deſign : The very Doctrine that finds Chance 
le 


where it really is, being to prove by a gradual Increaſe of Pro- 
bability, till it arrive at Demonſtration, that where Uniformity, Or- 

der and Conſtancy refide, there alſo reſide Choice and Deſign. 
Laſtly, One of the 19" 5g Uſes to which this Doctrine of 
diſcovering of ſome Truths, which 


city; the Admirable Connexion of its Conſequences will increaſe the 
Pleaſure of the Diſcovery ;, and the ſeeming Paradoxes wherewith 
it abounds, will afford very great matter of Surprize and Enter- 
tainment to the Inquiſitive. A very remarkable Inſtance of this 
nature may be ſeen in the prodigious Advantage which the repetition 
Odds will amount to; Ihus, Suppoſing I play with an Adver- 
ary who abows me the Odds of 43 to 40, and agrees with me to 
play till 100 Stakes are won or loſt on either ſide, on condition that 
I give him an Equivalent for the Gain I am intitled to by the Ad- 
vantage cf my Odds; the Queſtion is what Equivalent I am to give 
him, on ſuppoſition we play a Guinea a State: The Anſwer is 99 Gui- 
neas and above 18 Shillings, which will ſeem aimoſt incredible, 
conſidering the ſmalneſs of the Odds of 43 fo 4o. Now let the 
Odds be in any Proportion given, and let the Number of Stakes to 
be played: for be never ſo great, yet one Cieneral Concluſion will in- 
elude all the poſſible Caſes, and the application of it to Numbers 
may be wrought in tiſs than 4 Minutes time. . 
have explain d, in my Introduction to the following Treatiſe, 
he chief Rules on which the whole Art of Chances depends; I _ 
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PREFACE is 
done it in the plaineſt manner that I could think of, to the end it 
might be (as much as poſſible ) of General Uſe. ¶ flatter my ſelf 
that thoſe who are acquainted with Arithmetical Operations, will, 
by the help of the Introduction alone, be able to — 4 great 


FHiariety of Queſtions depending on Chance : I wiſh, for the Sake of 


ſome Gentlemen who have been pleaſed to ſubſcribe to the printing 
of my Book, that I could every where have been as plain as in the 
Introduction; but this was hardly pratticable, the Invention of the 
greateſt part of the Rules _ entirely owing to Algebra; yet 7 
have, as much as poſſible, endeavour d to deduce from the Alge- 
braical Calculation ſeveral practical Rules, the Truth of which 
may be depended upon, and which may be very uſeful to thoſe who 


have contented themſelves to learn only common Arithmetick. 


Tis for the Sake of thoſe Gentlemen that I have enlarged my 
fr/# Deſign, which was to have laid down ſuch Precepts only as 
might be ſufficient to deduce the Solution 25 any difficult Problem 
relating to my Subject: And for this reaſon I have (towards the 
latter end of the Book) given the Solution, in Words at length, of 
ſome eaſy Problems, which might elſe have been made Corolaries 
or Conſequences of the Rules before deliver d: The ſingle Difficalty 
which may occur from Pag. 155 to the end, being only an Algebra-- 
ical Calculation belonging to the 49th Problem, to explain which 
full, would have required too much room. 

On this Occaſion, F muſt take notice to ſuch of my Readers as 
are well vers'd in Vulgar Arithmetick, that it would not be diffi- 


cult for them to make themſelves Maſters, not only of all the 


Practical Rules in this Book, but alſo of more uſeful Diſcoveries, 
if they would take the ſmall Pains of being acquainted with the 
bare Notation of Algebra, which might be done in the hundredth 
part of the Time that is ſpent in learning to read Short-hand. 
One of the Principal Methods I have made uſe of in the ſol- 
towing Treatiſe, has been the Doctrine of Combinations, taken in 
4 Sence ſomewhat more extenfruve, than s it is commonly under ſtood. 
The Notion of Combinations being ſo well fitted to the Calculation 
of Chance, that it natarally enters the Mind whenever any At- 
tempt is made towards the Solution of any Problem of that kind: 
It was this which» led me in courſe to the Conſideration of the De- 
grees of Skill in the Adventurers at Play, and I have made aſe 
of it in moſt parts of this Book, as one of the Data that enter the- 
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the contrary it is rather a Help and an Ornament to it: It is true, 
that this Degree of Skill is not to be known any other way than from 


Obſervation ; but if the ſame Obſervation conſtantly recur, tis 


frongly to be preſumed that a near Eſtimation of it may be made: 
However, to make the Calculation more preciſe, and to avoid cau- 
Ing any needleſs Scruples to thoſe who love Geometrical Exaitneſs, 
it will be eaſy, in the room of the Word Skill, to ſubſtitute a Greater 

or Leſs Proportion of Chances among the Adventurers, ſo as each 
of them may be ſaid to have a certain Number of Chances to win 
one ſingle Game. | | 

The General Theorem invented by Sir Iſaac Newton, for raiſing 
4 Binomial to any Power given, facilitates infinitely the Method of 


Combinations, repreſenting in one View the Combination of all the 


Chances, that can happen in any given Number of Times. Lis 
by the help of that Theorem, joined with ſome other Methods, that 


I have been able to find practical Rules for the ſolving a great 


Variety of difficult Queſtions, and to reduce the Difficalty to a fin- 
gle Arithmetical Multiplication, whereof ſeveral Inſtances may be 
ſeen in the z iſt Page of ths Boh. . 
Another Method I have made uſe of is that of Infinite Series, 
which in many caſes will ſolve the Problems of Chance more natu- 
rally than Combinations. To give the Reader a Notion of this, 
we may ſuppoſe two Men at Play throwing a Die, each in their 
Turns, and that he be to be reputed the Winner who ſhall firſt throw 
an Ace: It is plain, that the Solution of this Problem cannot ſo 
properly be reduced to Combinations, which ſerve chiefly to deter- 
mine the proportion of Chances between the Gameſters, without 
any regard to the Priority of Play. *Tis convenient therefore to 
have recourſe to ſome other Method, ſuch as the following. Let us 
Jappoſe that the firſt Man, being willing to Compound with his Ad- 
werſary for the Advantage he us intitled to from his firſt Throw, 
ſhould ast him what Conſideration be would allow to yield it to him; 
it may naturally tbe ſuppoſed that the Anſwer would be one Sixth 
part of the Stake, there being but Five to One againſt him, and 
that this Allowance would be thought 4 juſt Equivalent for yielding 
his Throw:: Let us likewiſe ſuppoſe the Second Man to require in 
bis Turn to have one Sixth part of the remaining Stake for the 
Conſideration of his Throw; which being granted, and the firſt Man's 
"Right returning in courſe, be may claim again one Sixth part of the 
:Remainder, and ſo on alternately, till the whole Stake be exhauſted: 
— But 
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Bat this not being to be done till after an infinite number of Shares 


be thus talen on both Sides, it belongs to the Method of Infinite 
Series to aſſign to each Man what proportion of the Stake he ought 
bo take at firſt, ſo as to anſwer exattly that fictitious Diviſion of 
the Stake in infinitum; by means of which it will be found, 
that the Stake ought to be Divided between the contending P ar- 
ties into two parts, r!ſpedtively proportional to the two Nambers 6 
aud 5, By the like Method it would be found that if there were 


| Three or more Adventurers playing on the conditions above deſcri- 


bed, each Man, according to the Situation he is in with reſpect to 
Priority of Play, might take as his Dae ſuch part of the Stake, as 
 expreſſible by the correſponding Term of the proportion of 6 to 5, 
continued to ſo many Terms as there are Gameſters; which in the 
caſe of Three Gameſters, for Inſtance, would be the Numbers 6, 5 
and 4, or their Proportionals 36, 30, and 25. 

Another Advantage of the Method of Infinite Series is, that 
every Term of the Series includes ſome particular Circamſtance 
wherein the Gameſters may be found, which the other Methods do not; 
and that a few of its Steps are ſufficient to diſcover the Law of its 


| Proceſs. The only Difficalty which attends this Method, being that 


of Summing up ſo many of its Terms as are requiſite for the So- 
lation of the Problem propoſed: But it will be found by experience, 
that in the Series reſaltivg from the confideration of moſt Caſes re- 
lat ing to Chance, the Terms of it will either conſtitute a Geometric 
Progreſſion, which by the Muomn Methods is eaſily Summable; or 
elſe ſome other ſort of Progreſſion, whoſe nature conſiſts in this, 
that every Term of it. has to a determinate number of the prece- 
ding Terms, each being taken in order, ſome conſtant relation; in 
which caſe I have contrived ſome eaſie Theorems, not only for finds 
the Law of that relation, but alſo for finding the Sums 8 
as may be ſeen in ſeveral places of this Book, but particularly from 
page 127 to page 134. I hope the Reader will excuſe my not 
giving the Demonſtrations of ſome few things relating to ths 
Subject, gpecialy of the two Theorems contained in page 134 and 
154, and of the Method of Approximation contained in page 
149 and 150; whereby the Duration of Play i eaſily determi- 
ned with the ws of Table of Natural Sines: Thoſe Demonſtra- 
tions are omitted purpoſely to give an occaſion to the Reader to ex- 
* mean Time, I have depofited them 
with the Royal Society, in order to be Pabliſhed when it ſhall be 
thought requiſite. b 4 


* 
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A Third Advantage of the Method of Infinite Series is, that the 


ome Perſons may have found ſomething like it by their own Sagacity. 
4 —.— — ome time upon V RY» pany — 
the general Principle of Combinations, as laid down in my Intro- 
duftion, and upon fome others 2 on the Method of Infinite 
Series, 1 proceed to treat of the Method o 

called, which I ſbem to be eafily deducible from that more general Prin- 
ciple which hath been before explained : Where it may be obſerved, 


ples, bel dg in 


tiom. 


* 


of Combinations properly ſo. 


that altbo the Cafes it is applied to are particular, yet the way of 


* 8 
"I 
WE: 
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| ft u by the Help of that Theorems ſo contracted, that I have been 
able to give a compleat Solution of the Problems of Pharaon and 


Baſſete, which was never done til now: Town that ſome great Ma- 
thematicians have before me taken the pajns of calculating the Ad. 


vantage of the Banker, in any circumſtance either of Cards remain- 


ing in hs Hands, or of any number of times that the Card of the 
Ponte is contained in the Stock: But fill the curioſity of the Inqui- + 
ſitive remained unſatisfied; The Chief Queſtion, and by much the 
moſt difficult, concerning Pharaon or Baſſete, bejng what it is that 
the Banker gets per Cent of all the Money adventured at thoſe - 
Games, which now I can certainly anſwer is very near Three per 
Cent at Pharaon, and Three fourths per Cent at Baſſete, as may + 
be ſeen in my xxiii Problem, the preciſe Advantage us calculated. 

In the 24th and 25th Problems, 1 —_ 4 new ſort of Algebra, 
whereby ſome Queſtions relating to Combinations are ſolved by ſo eaſy + 
4 Proceſs, that their ſolution is made in ſome meaſure an immes+ 
diate conſequence of the Method of Notatian. I will not pretend to 


ſay that this new Algebra is abſolutely neceſſary to the Solving f 


thoſe Queſtions which I make to depend on it, ſince it appears by Hr. 
— — Book, that both he and Mr. N holes 1 kde 
have ſolved, by another Method, many of the caſes therein propoſed : 
Bat I hope I ſhall not be thought guilty of too much Confidence, if 
I aſſure the Reader, that the Method I haue followed has 4 degree 
Simplicity, not to ſay of Generality, which will hardly be attained + 
any ot her Steps than by thoſe I haue taken. — 
The 29th Problem, propoſed to me, amongſt ſome others, by 
the Honourable Mr. Francis Robartes, I had ſolved in my Trait De 
menſura Sortis; It relates, as well as the 2 4th and 25th, tothe + 
Method of Combinations, and is made to depend on the ſame Princi- 
ple; Muhen I began for the firſt time to attempt its Solution,' I had 
nothing elſe to gaide me but the common Rules of Combinations, 
fach as they had been delivered by Dr. Wallis and hers; © which 
when I endeavaured to apply, I was Surprized to find that my 
calculation ſwelled by degrees to an Intalerable bulk : For this reaſon 
1 was forced to turn my Views Another way, and to. try whether © 


the ſolution I was fecking for might not be deduced: from: ſome eaſier - 


conſiderations ; whereupon I happily fal upon the Method I haue been 
mentioning, which as it led me to 4 ery great Simplicity in the 


| Solation, ſo I lool apon it to be an Improvement made to the lie- 


thod of Combinations. 
3 "Tbs 


De zoth Problem is the reverſe of the preceding; It contains 
4 very remarkable Method of Solution, the Artifice of which con- 
fiſts in changing an Arithmetic Progreſſion of Numbers into 4 
Geometric one; this being always to be done when the Numbers are 
large, and their Intervals ſmail. I freely acknowledge that I have 
been indebted long azo for this uſeful Idea, to my much reſpected 
Friend, That Excellent Mathematician Doctor Halley, Secretary 
to the Royal Society, whom I have ſeen practice the thing on an 
other occaſion: For this and other Inſtructive Notions readily 
imparted to me, during an uninterrupted Friendſhip of fve and 
. Twenty years, I return him my very hearty Thanks. | 
' » The 32d Problem, having in it « Mixture of the two Methods 
of Combinations and Infinite Series, may be propoſed for a pattern 
. of Solution, in ſome of the moſt difficalt caſes that may occurr in the 
Subject of Chance, and on this occafion I muſt do that Juſtice to 
Mr. Nicholas Bernoully, the Worthy Profeſſour of Mathematics 
at Padua, to own he had ſent me the Solution of this Problem be- 
fore mine was Publiſhed; which I had no ſooner received, but I com- 
municated it to the Royal Society, and repreſented it as a Perfor- 
| mance highly to be commended : Whereaupon the Society order'd that 
bis: Solution ſhould be Printed; which was accordingly done ſome 
time after inthe Philoſophical Tranſactions, Numb. 3 41. where 
mine was alſo inſerted. . | 
The Problems which follow relate chiefly to the Duration of Play, 
or to the Method of determining what number of Games may pro- 
bably be played out by two Adverſaries, before a certain number of 
States agreed on between them be won or loſt on either ſide. This 
Subject affording 4 very great Variety of Curious Queſt ions, of which 
every one has a degree of Difficulty peculiar to it ſelf, I thoaght it 
neceſſary to divide it into ſeveral diſtintt Problems, aud to illu- 
ſtrate their Solution with proper Examples. 5 
Do theſe Queſtions may at firſt fight ſeem to have a very groat 
degree of difficulty, yet I have ſome reaſon to believe, that the Steps 
7 have taten to come at their Solution, will eafily be r by 
.. theſe who have ac ill in Algebra, and that the chief Me- 
thod of proceeding therein will be under ſtood by thoſe who are barely 
acquainted with the Elements of that Art, . 
Men 1 firſt began to attempt the general Solutian of the 
| Problem concerning the Duration of Play, there was nothing er- 
tant that could give me any light into that Sulject; for altho * 
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de Monmort, in the firſt Edition of his Book, gives the Solution 
of this Problem, as limited to three Stakes to be won or loſt, and 
farther limited by the Suppoſition of an Equality of Skill between 
the Adventurers; yet be having given no Demonſtration of his 
Solution, and the Demonſtration when diſcovered being of very lit- 
tle uſe towards obtaining the general Solution of the Problem, I 
was forced to try what my own Enquiry would lead me to, which 
having been attended with Succeſs, the reſult of what I found was 
afterwards pabliſhed in my Specimen before mentioned. 

All the Problems which in my Specimen related to the Dura. 
tion of Play, have been kept entire in the following Treatiſe ; but 
the Method of Solution has received ſome Improvements by the 
nem Diſcoveries I have made concerning the Nature of thoſe Series 
which reſult from the Conſideration of the Subject; however, the 
Principles of that Method having been laid down in my Specimen 
J had nothing now to do, but to draw the Conſequences that were 
naturally deducible from them. | BL © 

Mr. de Monmort, and Mr. Nicholas Bernoully, have each of 
them ſeparately given the Solution of my xxxixth Problem, in 4 
Method differing from mine, as may be ſeen in Mr. de Monmort's 

ſecond Edition of his Book. Their Solutions, which in the main 
agree together, and vary little more than in the form of Expreſſion, 
are extreamly beautiful; for which reaſon I thought the Reader 
would be well pleaſed to ſee their Method explained by me, in ſuch 4 
manner 4s might be apprehended by thoſe who are not ſo well verſed in 
the nature of Symbols: In which matter I have taken ſome Pains, 
thereby to teſtify to the World the juſt Value 1 have for their 
Performance. "= 

The 43d Problem having been propofed to me by Mr. Thomas 
Woodcock, 4 Gentleman whom 7 . — reſpect, I attempted its 
Solution with a very great deſire of obtaining it; and having had 
the good Fortune to ſucceed in it, I returned him the Solution a fem 
Days after he was pleaſed to propoſe it. This Problem is in my: 
Opinion one of the moſt curious that can be propos d on this Subject; 
its Solution containing the Method of —— not only that 
Advantage which reſults from a Superiority of Chance, in a Play. 
confined to a certain number of States to be won or loſt by either 
Party, but alſo that which may reſult from an unequality ＋ Stales; 
and even compares thoſe two Advantages together, when the Odds of. 
£hance bring on one fide, the Odds of Money are on the _— : 

w33 | C | ore 
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Before I make an end: of this Diſcourſe, I think my ſelf obliged 
to take Notice, that ſome Tears after my en mar 2 
there came out 4 Trait upon the Subjet of Chance, being 4 Po 

hamous Work of Mr, James Bernoully, wherein the Author 
' ſhewn 4 great deal of Skill and Judgment, and pe — 

the Character and great Reputation he hath ſo jaſth ag 1 — 
1 wera capable of carrying on 4 Projet# he had ber, 
the Doctrine of Chances to Oeconomieal a Polit it tical 1451 to 
which I have been invited, together with Mr de Monmort, by Me. 
Nicholas Bernoully : I heartily thank that Gentleman. 2 Ta good 
Opinion he has of me; but I willingly reſign my. _ of that I. = 
into better Hands, wiſhing that either be F would 
that Deſign, he hevin formerly pabliſhed ſome — ful 2005 of of 
that Kind, or that his Uncle, My, John Bernoully, Brother to 
the Deceaſed, could be prevailed pon to beſtow ſome of his Thoaghts 
„it; be being known to be per fat iy well qualified in al Reſpetts 
* / ach as Undertaking, 


Due Care having been taken to avoid the Errata of the 
Preſs, we hope there are no other than theſe _ 
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If the Probabilities of Happening and Failing are unequal, 
there is what is commonly call'd Odds for, or againſt, the 
Happening or Failing; which Odds are proportional to the 
number of Chances for Happening or Failing. 3 

The ExpeQtation of obtaining any Thing, is eſtimated by 
the Value of that Thing multiplied by the Probability of 
obtaining it. | | EE 

Thus, Suppoſing that A and B Play together; that A has 
depoſited 5 /, and B 37; that the number of Chances which 
A has to win is 4, and that the number of Chances which 
B has to win is 2: Since the whole Sum depoſited is 8, and 
that the Probability which A has of getting it, is +; it fol- 
lows, that the Expectation of A upon the whole Sum depo- 

ſited will be -«x+= 5+; and for the ſame reaſon, the Ex- 
pectation of B will be N 2 . . 

The Risk of loſing any Thing, is eſtimated by the Value 
of that Thing multiplied by the Probability of loſing it. 

If from the reſpective Expectations, which the Gameſters 
have upon the whole Sum depoſited; the particular Sums the 
depoſit, that is their own Stakes, be ſubtracted, there will 
remain the Gain, if the difference is poſitive, or the Loſs, if 
the difference is negative. Cf. 

Thus, If from 5+ the Expectat ion of 4, 5 which is his 
own Stake be ſubtraQed, there will remain <= for his Gain; 
likewiſe if from 2+ the Expectation of B, 3 which is his 
own Stake be ſubtracted, there will remain — = for his Gain, 
or - for his Los. | 5 | 
Again, If from the reſpective ExpeQations, which either 

Gameſter has upon the Sum depoſited by his Adverſary, the 
Risk of loſing what he himſelf depoſits, be ſubtracted, there 
will likewiſe remain his Gain or Loſs. 

Thus, In the preceding Caſe, the Stake of B being 3, and 
the Probability which 4 bas of winning it being , the 
Expectation of 4 upon that Stake is T = = = 2, 
Moreover the Stake of A being 5, and the Probability of 
loſing it being , the Risk which 4 runs of loſing his 


own Stake is -x+ =—2 = 1. Therefore, if from the 


Ex- 


The Doctrine of Cuances. 3 
Expectation 2, the Risk x +, be ſubtracted, there will re- 
main , as before, for the Gain of 4; and by the ſame way 


of arguing, the Loſs of B will be found to be +. 


N. B. Tho? the Gain of one is the Loſs of the other, yet 
it will be convenient to look for them ſeverally, that one 
Operation may be a Proof of the other. | 


If there is a certain number of Chances by which the 
poſſeſſion of a Sum can be ſecur'd; and alſo a certain num- 
ber of Chances by which it may be loſt; that Sum may be 
nſured for that part of it, which ſhall be to the whole, as 
the number of Chances there is to loſe it, to the number of 
all the Chances. | Ss | 
Thus, If there are 19 Chances to ſecure: the poſſeſſion of 
1000/7, and x Chance to loſe it, the Inſurance Money may 
be found by this Proportion. | 5 
As 20 is to 1, ſo is 1000 to 50 therefore 50 is the Sum 
that ought to be given, in this Caſe, to Inſure 1ooo. 
If two Events have no dependence on each other, ſo that ? 
be the number of Chances by which the firſt may Happen, 
and q the number of Chances by which it may Fail; and 
likewiſe that » be the number of Chances by which the ſe- 
cond may Happen, and s the number of Chances by which 
it may Fail: Multiply p + q by » + s, and the Product 
pr + qr + ps + 9s will contain all the Chances, by which the 
Happening, or Failing of the Events may be varied amongſt 
one another. 5 5 | 
Therefore, If 4 and B Play together, on condition that. 
if both Events Happen, A ſhall win, and B loſe ; the Odds 
that 4 ſhall be the winner, are as pr to qr + ps 46; for the 
only Term in which both p and 7 occur is pr; therefore the 
*yo * 22 0 pr 8 ; 6 
Probability of As winning is = r 
But if A holds that either one or the other will Happen; 
the Odds of 4's winning are as pr r + ps to gs; for ſome 
of the Chances that are favourable to 4, occur in every one- 
of the Terms pr, qr, ps. | . | 
Again, If 4 holds that the firſt will Happen, and the ſe- 
cond Fail; the Odds are as ps to pr + gr +.4% N 


” 


From 
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From what has been aid, it follows, that if a Fraction ex- 
reſſes the Probability of an Event, and another Fraction the 
robability of another Event, and thoſe two Events are in- 

dependent; the Probability that both thoſe Events will Hap- 
pen, will be the Product of thoſe two Fractions. 

Thus, Suppoſe I have two Wagers depending, in the firſt of 
which I have 3 to 2 the beſt of the Lay, and in the ſecond 
7 to 4, What is the Probability I win both Wagers ? 

The Probability of winning the firſt is — that is the num. 
ber of Chances I have to win, divided by the number of all 
the Chances; the Probability of winning the ſecond is : 
Therefore multiply ing theſe two Fractions together, the Pro- 
duct will be , which is the Probability of winning both 
Wagers. Now this Fraction being ſubtracted from x, the 
remainder is ., which is the Probability I do not win both 
Wagers: Therefore the Odds againſt me are 34 to 21. 

2* If I would know what the Probability is of winning 
the firſt, and loſing the ſecond, I argue thus; The Probability 
of winning the firſt is , the Probability of loſing the ſe- 
cond js -+-: Therefore multiplying 4 by -r the Product = 
will be the Probability of my winning the firſt, and lofing the 
ſecond; which being fubtratted from x, there will remain =, 
which is the Probability I do not win the firſt, and at the 
fame time loſe the ſecond. _ 

3* If I would know what the Probability is of winning 
the ſecond, and at the ſame time loſing the firſt; I ſay thus, 
the Probability of winning the ſecond is , the Probability 


of loſing the firſt is . Therefore multiplying theſe two 
Fractions together, the ProduQt . is the Probability I win 
the ſecond, and alſo loſe the firſt. 
4? If I would know what the Probability is of loſing both 
Wagers ; I ſay, the Probability of loſing the firſt is =, and 
the Probability of loſing the ſecond -; therefore the Proba- 
bility of loſing them both is , which being ſubtracted 
from x, there remains A therefore the Odds againſt loſing 
both Wagers is 47 to 8. 1 yang | | 
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This way of reaſoning is plain, and is of very great extent, 
being applicable to the Happening or Failing of as many Events 
as may fall under conſideration. Thus, if I would know what 
the Probability is of miſſing an Ace 4 times together with a 
common Die, I conſider the miſſing of the Ace 4 times, as the 
Failing of 4 different Events; now: the Probability of miſſing 
the firſt is the Frobability of miſſing the ſecond is alſo , the 
third, , the fourtiu- .; therefore the Probability of miſſing the 


Ace + times together is + = + +=; which being 


fubtracted from x, there will remain - for the Probability of 
throwing it onee or oſtner in 4, times; therefore the Odds of 
throwing, an Ace in 4 times is, 67.1 to 62 5. : 

But if the flinging, of an Ace was undertaken in 3 times, 
tis plain that the Probability of miſfing it 3 times would 
be = x 5 x 3%, Which being ſubtradted from 1, there will 
remain_2.. for the Probability of throwing: it once or oftner 


in 3 times 5 ; therefore the Odds againſt throwing it in 3 times 


are 125 to 91. 


Again, ſuppoſe wr od know tlie Probability of throw. 


ing an Ace once in 4 throws and no more: Since tile Proba · 
dility of tiirowing it the firſt time is , and tlie Probability 


Atti ff id follows; theetiie Brobabiliay of thoming in once 


$00 
I 


L 
which being ſubtra ed ſrom 2 chere will remain A for the 
Probabiligy- oi not thnowing it once and no more in 4 times; 
therefore if one undertakes to throw an Ace once and no more 
in 4 times, he has 500 to 796 the worſt of the Lay, or 5 to 8 
very near. by 8 2 

2 two Events are ſuchi, that one of them bas twice as 
many Chances to come up as the other; vyhat is the Probabi- 
lity that the Bvent which has the greater number oſ Chances 
to come up, does not Happen tweice before the other Happens 
ence; whuehris: tha: Caſe as s — 

| ore 
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fore four once; ſince the number of Chances are as 2 to 1, 
the Probability of the firſt Happening before the ſecond is * 
but the Probability of its Happening twice before it, is but 
* or +3 therefore tis 5 to 4, Seven does not come up 
twice, before Four once. . . 
But if it was demanded what muſt be the proportion of 
the Facilities of the coming up of two Events, to make that 
which has the moſt Chances, to come up twice, before the 
other comes up once; the anſwer is 12 to 5 very near, (and 
this proportion may be determined yet with greater exaQ- 
neſs) for if the proportion of the Chances is 12 to 5, it follows, 
that the Probability of throwing the firſt before the ſecond 
is g, and the Probability of throwing it twice, 1532. x 47. or 
24. ; therefore the Probability of not doing it is 5; there- 
fore the Odds againſt it are as 145 to 144, which comes 
very near a proportion of Equality. | | 
What we have ſaid hitherto concerning two or more E. 
vents, relates only to thoſe which have no dependency on each 
other; as for thoſe that have a dependency, the manner of 
arguing about them will be a little alter d: But to know in 
what the nature of this dependency conſiſts, I ſhall propoſe 
the two following eaſy Problems. 85 5 
Suppoſe there is a heap of 13 Cards of one colour, and a- 
nother heap of 13 Cards of another colour; what is the Pro- 


bability, that taking one Card at a venture out of each heap, 
I ſhall take out the two Aces? | 


The Probability of taking the Ace out of the firſt heap is = 
the Probability of taking the Ace out of the ſecond is alſo : 
therefore the Probability of taking out both Aces is A 1 
= Which being ſubtracted from 1, there will remain 2E., 
therefore the Odds againſt me are 168 to 1. 


But ſuppoſe that out of one ſingle heap of 13 Cards of one co- 
lour, I ſhould undertake to take out, firſt the Ace, ſecondly the 


Two; tho? the Probability of taking out the Ace be , and 
the Probability of taking out the Two be likewiſe +» yet the 
Ace being ſuppoſed as taken out already, there will remain 
only 12 Cards in the heap, which will make the — 
5 8 


all the Terms but 6 will be favourable to 4; and therefore 


. 
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of taking out the Two to be , therefore the Probability of 
taking out the Ace, and then the Two, will be *. And 
upon this way of reaſoning may the whole Doctrine of Com- 
binations be grounded, as will be ſhewn in its place. 

It is plain that in this laſt Queſtion, the two Events propo- 
ſed have on each other a dependency of Order, which depen- 


dency conſiſts in this, that one of the Events being ſuppoſed 


as having Happened, the Probability of the other's Happen- 
ing is thereby alter'd; whereas in the firſt Queſtion, the tak. 
ing of the Ace out of the firſt heap does not alter the Proba- 
bility of taking the Ace out of the ſecond ; therefore the In- 
dependency of Events conſiſts in this, that the Happening of 
one does not alter the degree of Probability of the other's | 

Happening. RR. | 
We have ſeen already how to determine the Probability 

of the Happening of as many Events as may be aſſigned, and 
the Failing of as many. others as may. be afligned likewiſe, 
when thoſe Events are independent: We have ſeen alſo how 
to determine the Happening of two Events, or as many as - 


may be aſſigned when they are Dependent. - 


But how to determine in the caſe of Events dependent, the 
Happening of as many as may be aſſigned, and at the ſame 
time the Failing of as many as may likewiſe-be aſſigned, is a 
diſquiſition of a higher nature, and will be ſhewn afterwards. 

If the Events in queſtion are in number, and are ſuch 


as have the ſame numher 4 of Chances by which they may 


Happen, and likewiſe the ſame number & of Chances by 
which they may Fail, raiſe 4 + b to the Power . 

And if A and B play together, on condition that if either 
one or more of the Events in queſtion do Happen, 4 ſhall win, 


and B loſe; the Probability of £s winning will be ALES 


75 -; for when a-+b is 
actually raiſed tothe Power a, the only Term in which 4 does 
not occur is the laſt &; therefore all the Terms but the laſt 
are favourable to 4. | 


Thus, if 2 =3; raiſing «+6 to the Cube 4 -+ 3aab+ 3abb+63. 


and that of B's winning will be 


the 
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the. Probability of Au winning will be ES 
ESD . and the Probability of. N uinning will be = * 
But if 4 and B play, on condition that if either two or 
more of the Events 1a queſtion do Happen, A. ſhall win; but 
in caſe one only Happens or none, E ſhall: win; the Probabi - 

e e ns 
lie of As winning will be * 5 : ==; ſar the on- 
ly two Terms in which 44 dbes not occur are the two laſt, 


vie, nab and b*. And: ſo. of the reſt; 


1 
= 
— 
— 
ry 
—— 
— 
— 
— 
— 
— 
— 


W 
: 
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— 
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The Solution of ſeveral ſorts of Problems, 
deduced from the Rules laid down in the 
Introduction. 


. 


— 


PROBLEM I. 


SOLUTION. 


Pac there is one ſingle Chance for 4, and five againſt 

him, let 4 be made = 1, and b = 5; again becauſe the 
number of throws is 8, let » be made = 8, and the Proba- 
bility of 4's winging will be ET = gras. 
Therefore the Probability of his loſing will be 225522, and 
the Odds againſt him will be as 1015625 to 663991, or as 
3 to 2, very near. 1 - 


* Wo Meu A «ud B 5 


| laying 4 Set together, in each Game of 
the Set the number of Chances which A has to win is 3, and 
the number of Chances which B has to win is 2 : Now after ſome 
| Games are over, A wants 4 Games of being up, andB6: Ut is 

required in this circumſtance to determine the Probabilities which 
either has of winning the Set. n 


SOLUTION. 


Beam A wants 4 Games of being up, and B 6; it 
D follows, that the Set will be ended in 9 Games at 
moſt, which is the ſum of the Games wanting between 

| 838 them; 


„ a na en x 2 —˙ 2 
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them; therefore let 4+ be raiſed to the 9th Power, viz, 


45 + 9a*b + 3647 bb + 844%Þ) -+ 12645 bt + 1264*65 + 84.48 bs 4 
26aab? + gab* A be; take for A all the Terms in which 4 bas 


4 or more dimenſions, and for H all the Terms in which 6 


has 6 or more dimenfions ; and the Proportion of the Odds will 
be, as 4 + 94% b + 3647 bb 844 + 12645 bt + 1264*b5, to 
844 6 + 364ab! ＋ gab* +6?, Let now 4 be expounded by 3, 
and & by 2; and the Odds that A wins the Set will be found 
as 1759077 to 194048, or very near as 9 to 1. 

And generally, ſuppoſing that p and 44 are the number of 
Games reſpectively wanting; raiſe a+6 to the Power p-þq—r, 
then take for 4, a number of Terms equal to 4, and for B, a 
number of Terms equal to p. | | 


REMARKS. 
1. In this Problem, if inſtead of ſuppoſing that the Chances 


which the Gameſters have each time to get a Game are in 


the proportion of 4 to b, we ſuppoſe the Skill of the Game- 
ſters to be in that proportion, the Solution of the Problem 
will be the ſame: We may compare the Skill of the Game- 
ſters to the number of Chances they have to win. Whether 
the number of Chances which A and B have of getting a Game, 


are in a certain Proportion, or whether their Skill be. in that 


proportion, is the ſame thing. 
2. The preceding Problem might be ſolved without Alge- 


bra, by the bare help of the Arithmetical Principles which 


we have laid down in the Introduction, but the method 
will be longer: Yet for the ſake of thoſe who are not ae- 
quainted with Algebraical computation, I ſhall ſer down the 
Method of proceeding in like caſes. Cs 

In order to which, it is neceſſary to know, that when a 
Queſtion ſeems ſomewhat difficult, it will be uſeful to ſolve 
at firſt a Queſtion of the like nature, that has a greater degree 
of ſimplicity than the caſe propoſed in the Queſtion given ; the 
Solution of which caſe being obtained, it will be a ſtep to aſ- 
cend to a caſe a little more compounded, till at laſt the caſe 
propoſed may be attained to, 3 


I Therefore, to begin with the ſimpleſt caſe, we may ſup- 


poſe that A wants 1 Game of being up, and B 2; and * 
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the number of Chances to win a Game are equal; in which 


caſe the Odds that 4 will be up before B, may be determined 
as follows, 1 


Since E wants 2 Games of being up and A x, *tis plain that 
B muſt beat A twice together to win; but the Probability of 
his beating him once is , therefore the Probability of his 
beating him twice together is x -= +; ſubtract from 
x, there remains 2, which is the Probability which 4 has 
of winning once before B twice, therefore the Odds are as 

to I. £ 

By the ſame way of arguing *cwill be found, that if A wants 
1, and B 3, the Odds will be as 7 to 1, and the Probability of 

winning. and g reſpectively, If A wants 1, and B 4, the: 
Odds will be as 15 to 1, &c. 

Again, ſuppoſe 4 wants 2, and B 3, what are the Odds. 
that A is up before BY? 

Let the whole Stake depoſited between A and B be 1; 
now conſider that if B wins the firſt Game, B and A will 
have an equality of Chances, in which caſe the Expecta- 
tion of B will be ; but the Probability of his winning the 
firſt Game is +, therefore the Expectation of B upon the 


Stake, ariſing from the Probability of beating A the firſt time, 


will be N . =. 


But if B loſes the firſt Game, then he will want 3. of being 
up, and A but 1; in which caſe the ExpeQation of B will be , 
but the Probability of that circumſtance is , therefore the 


ExpeQation of B ariſing from the Probability of his loſing the 
firſt time is - = 
Therefore the Expectation of B upon the Stake 1, will 
be g = =, which being ſubtracted from x, there re- 
mains for the Expectation of 4; therefore the Odds are 
as 11 tO 5. „ | 
And thus proceeding gradually, it will be eaſy to compoſe 
the following Table. EOS 


A TABLE. 
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A TABLE of the ODDS for any number of Games 
wanting, from x to 6. 


: A | - 
Fi 1 2 1 3 | I 4 | I 5 £ 6 . 
R 
3 — . } — — — — — — —— —-—-— 
2 | 
, aA. - ©] mn: "EE 
EE 4 = 13 16 32 32 | & 64 
8 
. — — ——ů— 
V.E 
— «d : 5] 2 6 
O | 
TA — | — — „ 
A 7 |= _8 
ETC 16 = 3 32 64 64 128 128 
—_ ; 
<=. V 
ON | 4 DIE Rees 
SF 4 #: © 43 6 
9a 
— eee es Ps 3 
2 . ; | | | 
= =] 42 22 = 29 219 22 
— — — —— 
TL 64 64 x 0 128 | 256 256 
(XY) 
1 | 27 : 
kW EC; 7 — —CR 
182 f [| 
4 114 65 
DI © 
I | 
2 382 120 
= 256 | $12 312 
2 
7 | 
iT] * 1 
in 282 
| 17 3 
| 15 1024 1024 


And by the ſame way of proceeding, it would be eafy to 
compoſe other Tables, for expreſſing the Probabilities which 
A and B have of winning the Set, when each wants a given 


number of Games of being up, and when the proportion of the 
- Chances 
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Chances by which each of them may get a Game is as 2 to 1, 
or varies at pleaſure; but the Aab method explained in 


this Problem anſwering all that variety, *cis needleſs to inſiſt 
upon it. 


PROBLEM III. 


7 A and B play with ſingle Bowls, and ſuch be the Skill of A 

that he knows by Experience he can give B 2 Games out of 3. 
What is the proportion of their Skill, or what are the Odds that A 
may get any one Game aſſigned ? 


SOLUTION. 


F ET the proportion of the Odds be as = to x : Now ſince 

A can give B 2 Games out of 3, therefore A can, upon an 
equality of Play, undertake to win 3 Games together: Let 
therefore æ ++ x be raiſed to the Cube, viz. 234 322 4+3z+1; 
therefore the Probabilities of winning will be, as 23 to 325+ 
32+ 1; but rheſe Probabilities are equal, by ſuppoſition ; 
therefore 2 = 322 ＋ 32 4 1, or 2 * = 23 + 322+ 32 +41, 
and extracting the Cube Root on both ſides, 2 N 2 = z+ 1; 


therefore 2 = 1 and conſequently the Odds that 4 may 


In 
get any one Game aſſigned are as , to 1, or as 4 to V2—1, 
V2—1 


chat is in this caſe as 50 to 13 very near. 


IF A can without advantage or diſaduantage give B 1 Game 
out of 3; what are the Odds that A ſhall take any one (Tame 

alſgned? Or what is the proportion of the Chances they have to 

win any one Game aſfiened? Or what is the proportion of their 

Skill ? | 

SOLUTION. 

]- T the proportion be as 2 to 1; now ſince A can give 


B 1 Game out of 3; therefore A can, upon an equality 


of Play, undertake to get 3 Games before B gets 2; let there- 
_ E fore 
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fore 2+ 1 be raiſed to the 4th Power, whoſe Index 4 is the Sum 
of the Games wanting between them leſs by 1; this Power 
will be 2++4 2* + 622+ 42 ＋ 2; therefore the Probabili- 
ties of winning the Set will be as & + 4 to 6zz + qz + f: 
But theſe Probabilities are equal by Hy potheſis, ſince A and B 
are ſuppoſed to play without advantage or diſadvantage ; 
therefore 2*+ 4.22 = 6zz ＋ 42 ＋ 1, which Equation. being 


ſolved, z will be found to be 1.6 very near; wheretore the pro- 


portion of the Odds will be as 1.6 to 1, or as 8 to 5. 


PROBLEM V. 


O find in how many Trials an Event will Probably Elap- 


pen, or how many Trials will be requifite to make it inaif- 
ferent to lay on its Happening or Failing ; ſuppoſing that a is the 
number of Chances for its * in any one Trial, aud b the 
number of Chances for its Failing. | 


SOLUTION. 


L E T be the number of Trials ; therefore by what 
has been already demonſtrated in the Introd uQtion 


Y - be, or * = 26*; therefore x = —=S2—— 


Ine 


Moreover, let us reaſſume the Equation ) = 2&* and 
making 4, b:: 1, q, the Equation will be changed into this 
I + "= 2: let therefore , + - be raiſed actually to the 


Power x by Sir Iſaac Nemton's Theorem, and the Equation will 


be 14 © + £22 4 221% gee, 2. In this E- 


IX299 IX AX 3 423 


uation, if q = 1, then will x be likewiſe = 1; if q be infinite, 


then will x alſo be infinite. Suppoſe 9 infinite, then the Equa- 

tion will be reduced to 1 + ＋ = + Kc. = 2: But 
ay 20 ; > 09 644 

the firſt part of this Equation is the number whoſe Hyperbo- 

lic Logarithm is —, therefore — = Log: 2: But the Hyper- 

bolic Logarithm of 2 is o. 693 or nearly 0.7; Wherefore ©- = 

o. 7, and x = 0.79 very near. IF 


Thus we have aſſigned the very narrow limits within 


which the Ratio of x to 9 is comprehended ; for it begins 
; . | with 
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with Unity, and terminates at laſt in the Ratio of 10 to 7, 
very near. 

But x ſoon Converges to the limit o. 7 4, ſo that this pro- 
portion may be aſſumed in all caſes, let the Value of 4 be 
what it will. | 

Some uſes of this Propoſition will appear by the following 
Examples.. | | 


EXAMPLE I. 


LET it be propoſed to find in how many Throws one 
may undertake, with an equality of Chaace, to fling two 
Aces with two Dice. | 
The number of Chances upon two Dice is 36, out of 
which there is but x Chance for two Aces ; therefore the 
number of Chances againſt it is L: Multiply 3 5 by 0.7, 
and the product 24.5 will ſhew that the number of Throws 
requiſite to that effect will be between 24 and 25. | 


EXAMPLE II. 


| "'* O find in how many Throws of three Dice, one may 
| undertake to fling three Aces. | 
The number of all the Chances upon 3 Dice is 216, out of 
Which there is but x Chance for 3 Aces, and 215 againſt it. 
Therefore let 215 be multiplied by 0.7, and the product 150.5 
will ſhew that the number of Chances requiſite to that effe& :_ 
will be 150, or very near it. Eo 


EXAMPLE- III. 


TY a Lottery whereof the number of Blanks is to the num- - 
1 ber of Prizes as 39 to x, (ſuch as was the Lottery of 1710;) 
To find how many Tickets one muſt take, to make it an 
equal Chance for one or more Prizes. | 
Multiply 39 by 0.7, and the product 27.3 will ſhow that the 
number of Tickets requiſite to that effect will be 27, or 28 at 
moſt. | | | | + 
Likewiſe, in a Lottery whereof the number of Blanks is * 
to the number of Prizes; as 5 to 2, multiply 5 by 0.7 and the 
pro- 
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product 3.5 will ſhow, that there is more than an equality of 


Chance in 4 Tickets for one or more Prizes, but ſomething 
leſs than an equality in 3. 


In a Lottery whereof the Blanks are to the Prizes as 39 
to x, if the number of Tickets in all was but 4o, this propor- 
tion would be altered, for 20 Tickets would be a ſufficient 
number for the ExpeQarion of the ſingle Prize; it being evi- 
dent that the Prize may be as well among the Tickets which 
are taken as among thoſe that are left behind. | 


Again, if the number of Tickets was 80, ſtill preſerving 
the proportion of 39 Blanks to 1 Prize, and conſequently ſup- 

_ poſing 78 Blanks to 2 Prizes, this proportion would ſtil! bs 
altered: For by the Doctrine of Combinations, whereof we are 
to treat afterwards, it will appear that the Probability of 
taking one Prize or both in 20 Tickets would be but , 


and the Probability of taking none would be 24. Wherefore 


the Odds againſt taking any Prize would be as 177 to 139, 
or very near as 9 to 7. | 


And by the ſame DoQrine of Combinations it will be found 
that 23 Tickets would not be quite ſufficient for the Expect- 
ation of a Prize in this Lottery ; but that 24 would rather be 
two many; ſo that one might with advantage lay an even 

Wager of taking a Prize in 24 Tickets. 15 

If the proportion of 39 to 1 be oſtner repeated, the num- 
ber of Tickets requiſite for a Prize will ſtill increaſe with that 
repetition: Yet let the proportion of 39 to 1 be repeated ne- 
ver ſo many times, nay an infinite number of times, the num- 
ber of Tickets requiſite for a Prize will never exceed 2 of 
39, that is about 27 or 28. es | 

Therefore if the ee the Blanks to the Prizes be 
often repeated, as it uſually is in Lotteries; the number of Tick- 
-ets requiſite for one Prize or more, will always be found by 
taking Z of the proportion of the Blanks to the Prizes. 
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LEMMA. 


O find how many C hances there are upon any number of 
Dice, each of them of the ſame given number of Faces, to 
throw any given number of Points. 


SOLUTION. 


ET p+1 be the number of Points given, » the number 
of Dice, f the number of Faces in each Die : Make 
=; q=f=r; f=; f= &c. and the num- 


ber of Chances will be 


+ + Z=u03 Se; 
— 4 i Xx 


— 
1 
CCE u1· for 
+ T* * &c. * ＋ X 
FP 9 9 ö * 
. 


which Series ought to be continued till ſome of the Factors in 


each Product become either = o, or Negative. 

N. B. So many Factors are to be taken in each of the Pro- 
ducts — EX &c. * 2 * * &c. as there are Units 
in 2— 1. | Ea | . 

Thus, for Example, let it be required to find how many 


Chances there are for throwing Sixteen Points with Four 
Dice. | 


r ==— 336 


+ x + xx =+ 6 


But 455—336+6= 125; therefore One Hundred and 
Twenty Five is the number of Chances required. 


F . Again, 
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Again, let it be required to find the number of Chances for 
throwing ſeven and Twenty Points with Six Dice. 


+ Y NANA = + 65780 
E227 16 8 3 
* KR 2 = — 93204 
: I 1 10 — 
rn 5 


r Sono anc. 
. 1 * X 1120 


Therefore 6 5780 — 93204 + 30030 — 1120 2 1666 is the 


number required. 


Let it be required to find the number of Chances for throw- 
ing Fifteen Points with Six Dice. | | 


rn. 1 
rn 2002 


. FF 
Ras why ar wat =— 336 


But 2002 — 336= 1666, which is the number requi- 


Corol. All the Points equally diſtant from the extreams, that 
is, from the leaſt and greateſt number of Points that are upon 
the Dice, have the ſame number of Chances 1 they 
may be produced; wherefore if the number of Points given 
be nearer to the greater Extream than to the leſs, let the num- 
ber of Points given be ſubtracted from the ſum of the Ex- 
treams, and work with the remainder, and the Operation 
will: be ſhorten'd. 

Thus, if it he required to find the number of Chances for 
throwing 27 Points with 6 Dice: Let 27 be ſubtracted from 
42 the ſum of the Extreams 6 and 36, and the Remainder 
being 15, it may be concluded that the number of Chances 
for throwing 27 Points is the ſame as for throwing 15. 


Let it now be required to find in how many throws of 
6 Dice one may undertake to throw 15 Points. | 

The number of Chances for throwing 15 Points being 
1666; and. the number of Chances for Failing being 44990; 
divide 44990 by 1666, the Quotient will be 27; Multiply by 
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by 0.7, and the Product 18.9 will ſhew that the number of 
throws requiſite to that effect is very near 19. 


PROBLEM VI. 


6. Ap find how many Trials are neceſſary to make it Probable, 
that an Event will Happen twice, ſuppoſing that a is the 
number of Chances for its Happening at any one Trial, and b the 


number of Chances for its Failing. 
SOLUTION. 


ET x be the number of Trials: Therefore by what 
has been already Demonſtrated, it will appear that 
D = 2b* 24 z or making, b:: 2,93 1+, = 
21 . Now if q be ſuppoſed — 1, x will be found — 3; 
and if 4 de ſuppoſed infinite, and alſo n WE ſhall have 
Log: 2 + Log: 1 + z; in which Equation the value of = 
will be found — 1.678 very nearly. Therefore the value of 
& will always be between th —_ and 1.6784. But x 
will ſoon converge to the laſt of theſe Limits; therefore if x 
be not very ſmall, it may in all caſes be ſuppoſed = 1.678 4. 
Yet if there be any Suſpicion that the Value of & thus 
taken is too little, ſubſtiruts this Value in the Original E- 
quation 1+ =*=2 +2=, and note that Errour. If it be 
worth taking notice of, then increaſe a little the value of x, 
and ſubſtiture again this new value in the room of „ in the 
aforeſaid Equation; and noting the new Errour, the value of 
x may be ſufficiently corrected by applying the Rule which 
the Arithmeticians call double Falſe Poſition. Is 


EXAMPLE I. 


T0 find in how many throws of Three Dice one may 
undertake to throw Three Aces twice. 

The number of all the Chances upon Three Dice being 216, 
out of which there is but one Chance for Three Aces, and 
215 againſt it; Multiply 215 by 1.678, and the Product 
360.7 will ſhew that the number of throws requiſite to that 
effect will be 360 or very near it. 1 


— ore? Hre/*% 
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EXAMPLE II. 


T* find in how many throws of Six Dice one may un- 
| dertake to throw Fifteen Points twice. 
The number of Chances for throwing Fifteen Points is 1666, 


the number of Chances for Miſſing 44990; let 44990 be di- 


vided by 1666, the Quotient will be 27 very near: Wherefore 
the proportion of Chances for Throwing and Miſſing Fifteen 
Points are as 1 to 27 reſpectively; Multiply 27 ” 1.678, 
and the Product 45.3 will ſhew that the number of throws 
requiſite to that effect will be 45 nearly. 


EXAMPLE III. 


N a Lottery whereof the number of Blanks is to the num- 


ber of Prizes as 39 to 1: To find how mapy Tickets 
mult be taken, to make it as Probable that two or more Be- 
nefits will be taken as not. 


Multiply 39 by 1.678, and the Product 65.4 will ſhew 


that no leſs than 65 Tickets will be requiſite to that effect; 


tho* one might undertake upon an Equality of Chance to 


have one at leaſt in 28. 


4 


PROBLEM VI. 


0 find how many Trials are neceſſ, ary to make it Probable 


that an Event will Happen Three, Four, Five, &c. times; 
ſappoſing that a is the number of Chances for its Happening in 
an one Trial, and b the number of Chances for its Failing. 


SOLUTION. 


T ET «be the number of Trials requiſite, then ſuppo- 
ſing, as before a, b:: 1, 9, we ſhall have the Equa- 


tion 1 T * =2x1+= + =x ==, inthe caſe of the triple 


244 Seba. 
8 „ * 2 Tool. —_ — — 
Event; or 1 T rr Kg X. os 


in the caſe of the quadruple Event: And the Law of the con- 


tinuation of theſe Equations is manifeſt, Now in the -firſt E- 


quation if 3 be ſuppoſed = 1, then will x be = 5. If 7 be 
| | 5 | | up- 


9 
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ſuppoſed infinite or pretty large in reſpe& to Unity; then 
the aforeſaid Equation, making ＋ = will be changed in- 
to this, & = Log. 2 ＋ Log, 14 2; wherein will 
be found nearly — 2.675. Wherefore & will always be be- 
tween 5 4 and 2.675 4. | 

Likewiſe in the ſecond Equation, if 4 be ſuppoſed — x, 
then will x be— 74; but if + be ſuppoſed infinite, or 
pretty large in reſpect to Unity, then & = Log. 2 -+ Log. 


TTT T= 4-23; whence z will be found nearly = 3.6719; 


Wherefore x will be between 74 and 3.6719 4. 


If theſe Equations were continued, it would be found that 
the Limits of z converge continually to the proportion of 


tuen ͥ 


ATA BLE of the Limits. 


The Value of x will always be 


For a ſingle Event, between 14 and 0.6934. 
For a double Event, between 34 and 1. 
For a triple Event, between 54 and 2.6754. 
For a quadruple Event, between 74 and 3.6729. 
For a quintuple Event, between 94 and 4.6704. 
For a ſextuple Event, between 114 and 5.6684. 


If the number of Events contended for, as well as the 
number q be pretty large in reſpect to Unity ; the number 
of Trials requiſite for thoſe Events to Happen » times, will 
be 2 or barely 24. | 


PROBLEM VIII. 


＋ Hree Gameſters A,B, C, play together on this condition, 


that he ſhall win the Set who has ſooneſt got à certain num- 


ber of Games; the proportion of the Chances which each of them 


has to get any one Game aſſigned, or, which is the ſame thing, the 
proportion of their Skill, being reſpefFively as a, b, c. Now af- 
ter they have played ſome time, they find themſelves in this circum- 
ſtance, that A wants One Game of being up, B Two Games, and C 
Three; the whole Stake between them being ſuppoſed 1: What is the 


Expectation of each ? 
- G SOLU- 
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SOLUTION. 


1 N the Circumſtance the Gameſters are in, the Set will be end- 


ed in Four Games at moſt; let therefore a + 6 Ac be raiſed 


to the fourth Power, and it will be a + 446 + Gaabb + 44 5 


+ b* 44 + 12aabc + 46% -þ Gaace + 12abis + 6bbce 
+ 446 + 1246bb + 406 + &, | | | 
The Terms 4* ＋ 44% + quic + Gaace + iaabs ＋ 12abce,” 
wherein the Dimenſions of 4 are equal to or greater than the 
number of Games which 4 wants, wherein alſo the Dimen- 
ſions of & ande are lefs than the number of Games which 
B and C want refpeCtively, are intirely Favourable to 4, and 

are part of the Numerator of his Expectation. 
In the ſame manner the Terms 6+ -þ 46ic + 6bbcc are in- 
tirely Favourable to 8B. | 
And likewiſe the Terms 4b? + c are intirely Favourable 


to C. | 


The reſt of the Terms are common, as Favouring partly 
one of the Gameſters, partly one or both of the other : Where- 
fore theſe Terms are fo to be divided into their parts, that the 
parts Favouring each Gameſter may be added to his ExpeQa- 
tion. 95. LG Ps | 
Take therefore all the Terms which are common, viz. 
Gaabb + 4ab3 + 1tabcic + 4ac3, and divide them actuall 
into their parts; that is x*. 6aabb into acbb, abab, abba, baab, 
baba, bbas. Out of theſe Six parts, one part only, viz. bas will 
be found to Favour B, for 'tis only in this Term that two Di- 
menſions of 4 are placed before one ſingle Dimenſion of 2, and 
therefore the other Five parts belong to A; let therefore 5 4abb 
be added to the Expectation of 4, and 1 4abb to the ExpeQati- 


on of B. 2 Divide 4abꝰ into its parts, abbb, babb, bbab, bbba. 


Of theſe parts there are two belonging to A, and the other 
two to B; let therefore 2443 be added to the Expectation of 
each. 3* Divide r2abbc into its parts; and eight of them will 
be found Favourable to 4, and four to B; let therefore 8abbc 
be added to the ExpeQation of 4, and 4«bbc to the Expecta- 
tion of B. 4* Divide 44:3 into its parts, three of which will 
be found Favourable to 4, and one to C; Add therefore 343 
to the Expectation of 4, and 14c* to the Expetation of C. 
Hence the Numerators of the ſeveral Expectations of A, B, C, 
will be reſpectively. * 


— 
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1. 4 ＋ 44% + 44% + GA4 + E24abc + Tale + 54abb I 24bꝰ 
+ 8abbc + zac“. 
2. b4 + 46*c + 6bbec + 1aabb + 2.46* + gabce. 
3. 46" +164 + 140. 


The common Denominator of all their ExpeRations be- 


ing 2415“. 


Therefore if 4, b, c are in a proportion of equality, the 
Odds of winning will be reſpectively as 57, 18, 6. 

If » be the number of all the Games that are wanting, 
p the number of the Gameſters, 4, 6, c, d, &c. the proportion of 
the Chances which each Gameſter has reſpectively to win any 
one Game aſſigned; let « +b +c+ &c. be raiſed to the 
Power 1 —, then proceed as before. 


PROBLEM IX. 


8 Wo Gameſters, A and B, each having 12 Counters, play 
with three Dice, on condition, that F 11 Points come up, 
B ſhall give one Counter to A; if 14, A ſhall give one Counter 
to B; and that he ſhall be the winner who ſhall ſooneſt get all the 
Counters of his adverſary: What are the Probabilities that each of 
them has of winning ? . 


SOLUTION 


E T the number of Counters which each of them have 
be —p; and let « and 6 be the number of Chances they 
have reſpectively for getting a Counter each caſt of the Dice: 
I ſay that the Probabilities of winning are reſpectively as 4 
to &; or becauſe in this caſe p— 12, 4 = 27, b=15 as 27 
to 15˙⁷, or as 9˙ to 5, or as 2824295 3648 1 co 244140625, 
which is the proportion aſſigned by M. Higens, but without 
any Demonſtration : | | 
Or more generally. 


Let p be the number of the Counters of A, and q the num 
ber of the Counters of B; and ler the proportion of the 
Chances be as a to b. I fay that the proportions of the Pro- 
babilities which 4 has to get all the Counrers of his adverſa- 


ry will be as 47 xa? —#? to X27 . 
EE X | DEMO N- 
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DEMONSTRATION. 


LEZ it be ſuppoſed that 4 has the Counters E, F, G, H &c. 
whoſe number is p, and that B has the Counters J, K, L 
&c. whoſe number is q: Moreover let it be ſuppoſed that the 
Counters are the thing play'd for, and that the Value of each 
of them is to the Value of the following as a to 6, in ſuch a 
manner that the laſt Counter of 4 tothe firſt Counter of B, be 
ſtill in that proportion. This being fuppoſed, A and B, in every 
circumſtance of their Play, may lay down two ſuch Counters 
as may be proportional to the number of Chances each has to 
get a ſingle Counter; for in the beginning of the Play 4 may 
hy down the Counter H which is the loweſt of his Counters, 
and B the Counter I which is his higheſt ; but H, I:: a, b, 
therefore 4 and B play upon equal Terms. If A win of B, 
then A may lay down the Counter I which he has juſt got of 
his adverſary, and B the Counter K; but 7, X:: 4, 6, there- 
fore A and B (till play upon equal Terms. But if A loſe the firſt 
time, then A may lay down the Counter 6, and B the Coun- 
ter H, which he but now got of his adverſary ; but 6, :: 
4, 6, and therefore they ſtill Play upon equal Terms as be- 
fore. So that as long as they Play together, they Play with- 
out advantage, or diſadvantage, and conſequently the Pro- 
babilities of winning are reciprocal to the Sums which they 
expect to win, that is, are proportional to the Sums they re- 
ſpectively have before the Play begins. Whence the Proba- 
bility which 4 has of winning all the Counters of B, is to the 
Probability which B has of winning all the Counters of 4, 
as the Sum of the Terms E, F, 6, H whoſe number is p, 
to the Sum of the Terms 1, K, L whoſe number is q; that 
is, as 44 xa? — bY to bYXa1— 67: As will eaſily appear if 
thoſe Terms which are in Geometric Progreſſion are actually 
ſummed up by the known methods. Now the Probabili- 
ties of winning are not influenced by the ſuppoſition here 
made, of each Counter being to the following in the pro- 
portion of 4 to b; and therefore when thoſe Counters are 
ſuppoſed of equal Value, or rather of no Value, but ſerve 
only to mark the number of Stakes won or loſt on either 
ſide, the Probabilities of winning will be the ſame as we have 


aſſigned. RE 
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REMARK I. 


J p and 9, or either of them are large numbers, twill be 
convenient to work by Logarithms. | 

Thus, If A and B play a Guinea a Stake, and the num- 
ber of Chances which 4 has to win each ſingle Stake be 43, 
but the number of Chances which B has to win it be 40; 
and they oblige themſelves to play till ſuch time as 100 Stakes 
are won and loſt. 


From the Logarithm of 43 — 1-6334685 
Subtract the Logarithm of 40 — —— 


Difference 0.03 140 


Multiply this Difference by the number of Stakes to be 
play'd off, viz. 100; the Product will be 3. 1048500, to which 
— in the Tables of Logarithms, the number 1383; 
wherefore the Odds that 4 That win before B are 1 30 3 
„ | | 

Now in all circumſtances wherein A and B venture an e- 
qual Sum; the ſum of the numbers expreſſing the Odds, is 
to their difference, as the Money play'd for, is to the Gain of 
the one, and the Loſs of the other. | 

Therefore Multiplying 1382, difference of the numbers 
expreſſing the Odds, by 100, which is the ſum ventured by 
each Man, and dividing the product by 1384 ſum of the num- 
bers expreſſing the Odds ;- the Quotient will be 99 Guineas, 


and about 18%. — 45*, which conſequently is to be 
eſtimated as the Gain of 4. 


REMARK II. 


IF the number of Stakes which are to be won and loſt be 
unequal, but the number of Chances to win and loſe be 
equal; the Probabilities of winning will be reciprocally pro- 
portional to the number of Stakes to be won. 
Thus, If 4 ventures Ten Stakes to win One; the Odds 
that he wins One before he loſes Ten will be as 10 to x. 
But ten Chances to win One, and One Chance to loſe ten 
makes the Play perfectly equa, 
— | 1 There- 
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Therefore he that ventures many Stakes to win but few, 


has by it neither advantage nor diſadvantage. 


PROBLEM X. - 
o Gameſters, A and B layby24 C ounters, and play with 


3 Three Dice, on this condition; that if 11 Points come up, 


A (ball take one Counter out of the wo if 14, B ſhall take out 


one, and he ſhall be reputed to win, who ſhall ſooneſt get 12 Counters. 


What are the Probabilities of their winning ? 
This Problem differs from the preceding in this, that the 


play will be at an end in 23 Caſts of the Dice at moſt, (that 


is of thoſe Caſts which are favourable either to A or B:) 

Whereas in the preceding caſe, the Counters paſſing conti- 

nually from one Hand to the other, it will often Happen that 

A and B will be in ſome of the ſame circumſtances t 

— ay before, which will make the length of the play un- 
ited. 5 


SOLUTION. 


d 4 and b in the proportion of the Chances that 
: there are to throw 11 and 14, let 4+ 6 be raiſed to 


the 23d Power, that is to ſuch Power as is denoted by the 


number of all the Counters wanting one: Then ſhall the 12 
firſt Terms of that Power be to the 12 laſt in the fame pro- 
portion as are the reſpective Probabilities of winning. 


PROBLEM XI. 


Mere Perſons A, B, C out of 4 heap of 12 Counters, 

whereof four are White and Eight Black, draw blindfold 
one Counter at a time in this manner; A begins to draw; B fol- 
lows A; C follows B; then A begins again; and they continte 


to draw in the ſame order, till one of them, who is to be reputed 
to win, draws the firſt White one. What are the Probabilities of 
. their minning ? | | 


SOL u. 


The Doctrine of Cuances, 27 
SOLUTION. 


ET A be the number of all the Counters, « the number 
of White ones, “ the number of Black ones, and 1 the: 


whole Stake or the ſum play'd for. 


1 Since A has 4 Chances for a White Counter, and þ 
Chances for a Black one, it follows that the Probability of 


his winning is —; or =; Therefore the Expectation he has 
* 42 ＋6. * 5 1 
upon the Stake 1 ariſing from the circumſtance he is in when 


he begins to draw is X 1 Let it therefore be a- 
N amongſt the adventurers that A ſhall have no Chance 

a White Counter, but that he ſhall be reputed to have had 
a Black one, which ſhall actually be taken out of the heap, 
and that he ſhall have the ſum — paid him out of the Stake 
for an Equivalent. Now < being taken out of the Stake, 
there will remain xz —< —=2= =<. HE: 

25 Since B has 4 Chances for a White Counter, and that the 
number of remaining Counters is »— 1, his Probability of 


winning will be z. Whence his Expectation upon the re- 


maining Stake , ariſing from the circumſtance he is now in, 
will be —=—, Suppoſe it therefore agreed that B ſhall have 


1x2 — 1 


the ſum —££— paid him out of the Stake, and that a Black 


nXxXa— I 


Counter be likewiſe taken out of the heap. This being done, 
the remaining Stake will be = — —=2—, or =; but 


3 Since C has 4 Chances for a White Counter, and that 
the number of remaining Counters is » — 2, his Probability 
of winning will be =: And therefore his Expectation up- 


 nb—ab—bb; Wherefore the remaining Stake is 2 . 


n — 2 


on the remaining Stake, ariſing from the circumſtance he is 


now in, will be r which we will likewiſe ſup- 


poſe to be paid him out of the Stake. * 
4 4 may have out of the remainder ;; 


and ſo of the reſt: till the whole Stake be exhauſted. 
0 | IC 
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Therefore having written the following general Series, vi. 
TPTA RT As &c. wherein P, Q, 
R, S &c. denote the preceding Terms, take as many Terms 
of this Series as there are Units in 6 ＋ x, (for ſince 6 repre- 
ſents the number of Black Counters, the number of drawings 
cannot exceed b-+ 1) then take for A the firſt, fourth, ſe- 
venth &c. Terms; for B take the ſecond, fifth, eighth &c. 
Terms; for C the third, ſixth &c. and the ſums of thgſe 
Terms will be the reſpective Expectations of A, B, C; or be- 
cauſe the Stake is fixd, theſe ſums will be proportional to 


their reſpective Probabilities of winning. 


Now to apply this to the preſent caſe, make 2 — 12, 
4=—=4, 6 8, and the general Series will become 


rarer SVA 
T: Or multiplying the whole by 495, to take away 
the Fractions, the Series will be 
165 + 120 + 84 ＋ 56 +35 ＋ 20 ＋ 10 ＋ 4 +2. 
Therefore aſſign to 4 165 + 56 + 10 = 231; to B 120 
+ 35 +4 = 159 to C 84 +20 +1 = 105, and their 
Probabilities of winning will be as 231, 159, 105, or as 
772 535 39% 5 5 3 9 
If there be never ſo many Gameſters 4, B, C, D &c. whe- 
ther they take every one of them one Counter or more; or 
whether the ſame or a different number of Counters; the 
Probabilities of winning may be determined by the ſame ge- 


.neral Series. 


T preceding Series may in any particular caſe be 
ſnortef'd; for if 4 is 1, then the Series will be 


X I LI TINTI TIT ITI & c. 

8 a be obſerved, that f the whole number of 
Counters be exactly diviſible-by the number of perſons con- 
cerned in the Play, and that there be but one ſingle White 
Counter in the whole, there will be no advantage or diſad- 
vantage to any one of them from the ſituation he is in, in 


mXu—1Xn—2Xn— 3 
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If = 2. then the Series will be 
_—— + 11=2 + 1=—3 + 1—4 + , &c; 
= If 2 — z. then the Series will be 
KIK 112 + uz 113 T Umm Neg, &c. 
If 2 = 4. then the Series will be 


——— —— —_—_—_———_—— — 
X u—IXAn— 2x 1—3 1-2 - 3 * n—-4 &c. 


3 


udn - IX An — 2 


— 


Wherefore rejecting the common Multiplicators ; the ſe- 
veral Terms of theſe Series taken in due order will be Pro- 
portional to the ſeveral Expectations of any number of Game- 
ſters. Thus in the caſe of this Problem where = is = 12, 
and 4 — b; the Terms of the Series will be 


For 4. | For B. - For C. 


11 X10X9 = 990 IOX9xX8 = 720|[9XBX7 504 
8 X7 x6= 336|7 X6X5 = 210|6X5X4= 120 


5 X4X3= 6olq4 X3X2 = 241 3X2X1= 6 


„ 954 630 
Hence it follows, that the Probabilities of winning will be 


reſpectively as 1386, 954, 630; or dividing all by 18, as 77, 


537 35, as had been before determined. 


REMARK II. 


B UT if the Terms of the Series are many, it will be con- 
venient to ſum them up, by means of rhe following me- 
thod, whoſe Demonſtration may be had from the Miet hadus 
Differentialis of Sir Iſaac Newton, printed in his Analyſis. 
Subtract every Term, but the brit, from every following 
Term, and let the remainders be called firf# Differences; ſub- 
tract in like manner every firſt difference from the following, 
and let the remainders he called ſecond Differences ; ſubtract 
again every one of theſe ſecand differences from that which 
follows, and call che xemainders third Differences; and ſo an, 
till the laſt differences become equal. Let the firſt Term be 


called a, the ſecond 6; the firſt of the firſt differences 4, the 


I firſt 


7 — 
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firſt of the ſecond differences 4", the firſt of the third diffe- 
rences 4” &c. and let the number of 'Ferms which follow the 
firſt be x, then will the ſum of all thoſe Terms be 


re 


"IP 71 & — 2 * * 
——— xd 6G 


N. B. If the numbers whoſe ſums are to be taken are the 
Products of two numbers, the ſecond differences will be equal; 
if they are the Products of three, the third differences will 
be equal, and ſo on. Therefore the number of Terms, which 
are to be taken after the firſt, is to exceed only by Unity 
= number of Factors that enter the compoſition of every 

erm. | 


It may alſo be obſerved, that if thoſe numbers are decrea- 
ſing, it will be convenient to invert their order, and make 
that the firſt which was the laſt. 8 


Thus, ſuppoſing the number of all the Counters to be 100, 
and the number of White ones 4: Then the number of all 
the Terms belonging to 4, B, C will be 97, the laſt of which 
3 x2 XI will belong to 4, ſince 97 being divided by 3, the 
remainder is 1. Therefore beginning from the loweſt Term 
3 Xx 2 K 1, and taking every third Term, as alſo the differen- 
ces of thoſe Terms, we ſhall have the following Scheme 


* 


> +. KE--- 8 
EX 5X 4 = 120 
. 384 5 
” 92 816 by 162 
12 XIIXIO = 1320 „ 594 
| 1410 


I5XI4X13 = 2730 
&c. 


From whence the Values of 4 l, d,, 4”, d., in the ge- 
neral Theorem, will be found to be reſpectively 6, 120, 384, 
8 x62 ; and conſequently the ſum of all thoſe Terms will 


6+ 


, 
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| 6+xX120+ = X22 x 384 +4 * X22 x 432 
TX NR A X162, or 


2 
6 + 31 * + So N + 31>3x* + 63.x%, or 
* x+1 Xx x T2 X 3x+I x 3K ＋4. 


In like manner it will be found, that the ſum of all the 

Terms which belong to B, the laſt of which is. 5 x4 x3. 
is | . | 
—— * KFT x TZ x 3x+5 x 3x+8, 

And alſo that the ſum of all the Terms belonging to C, the 

laſt of which is 4X3X*2, is | 


—— * I X x+2 X NN 278+ 16. 


Now &. in each caſe repreſents the number of Terms want- 
ing one, which belong ſeverally to 4, B, C; wherefore ma- 
king x+1 —p, their ſeveral ExpeQations will be reſpeQtive-- 

ly proportional to | 


X 35—2 X 3p-+1 
* 3Þ+2_>_3Þ+5 
þ X. r X gppr op. 


Again, the number of all the Terms which belong to them 
all being 97; and A being to take firſt, it follows, that p in the 
firſt caſe is — 33, in the other two — 32. 

Therefore the ſeveral ExpeRQations of 4, B, C will be re- 
ſpectively proportional to 41225, 39592, 38008. 

If the number of all the Counters were 500, and the num 
ber of the White ones ſtill 4; then the number of all the 
Terms repreſenting the Expectations of A, B, C would be 497. 
Now this number being divided by 3, the Quotient is 165, 
and the Remainder 2: From whence it follows, that the laſt 
Term 3 x 2 N 1 will belong to B, the laſt but one 4 x3 xz 
to A, and the laſt but two to C; it follows alſo, that for B. 
and A, p muſt be interpreted by 166, but for C by 165. 


The 
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neither wins nor loſes, but takes his own Stake 


The GAME of BASS ET E 
 __ RULES of th PLAT. 


HE Dealer, otherwiſe called the Baxker, holds a Pack 
of 52 Cards, and having fhuffled them, he turns the 


whole Pack at once, ſo as ro diſcover the laſt Card; after 


which he lays down by Couples all the Cards. 


The Setter, otherwiſe called the Ponte, has 13 Cards in his 


hand, one of every ſort, from the King to the Ace, which 


13 Cards are called a .Book; out of this Book he takes one 
.Card or more at pleaſure, upon which he lays a Stake. 


The Ponte may at his choice, either lay down his Stake 
before the Pack is turned, or immediately after it is turned; 


or after any number of Couples are drawn. 


The firſt caſe being particular ſhall be calculated by it ſelf; 


but the other two are comprehended under the ſame Rules. 


Suppoſing the Ponte to lay down his Stake after the Pack 5 
turned, I call 1, 2, 3, 44-5 &c. the places of thoſe Cards which 
follow the Card .in view, either immediately after the Pack 
is turned, or after any number of Couples are drawn. 


If the Card upon which the Ponte has laid a Stake comes 


out in any odd place, except the firſt, he wins a Stake equal 


4̃86o his own. 


I the Card upon which the Ponte has laid a Stake comes 
out in any even place except the ſecond, he loſes his Stake. 

If the Card of the Ponte comes out in the firk place, he 

n. 5 

If the Card of the Ponte comes out in the ſecond place, he 
does not loſe his whole Stake, but only a part of it, viz, a half.; 
which to make the calculation mere general we will call z. 
In this caſe the Ponte is ſaid to be Faced. 

When the Ponte chuſes to come in afrer any number of 
Couples are down; if his Card happens to be bur once in the 
Pack, and is the very laſt of all, there is an exceprion from 
the general Rule: for the? #t-comes out in an odd place which 


ſhould intitle him to win a Stake equal to his own, yet he 


neither wins nor loſes from chat circumſtance, but takes back 
is own Stake. | | 
PRO- 
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PROBLEM XIL 


| \0 Eſtimate at Baſſete the loſs of the Ponte under any cir- 


cumſt ances of Cards remaining in the Stock, when he lays 


his Stake, and of any number of times that bis Card is repeated 
in it. 5 | 


The Solution of this Problem containing Four Caſes, VIZ. 


of the Ponts Card being once, twice, three or four times in 
the Stock; we will give the Solution of all theſe Caſes ſeve- 


rally. 
| SOLUTION of the firſt Cafe: 


THe Ponte has the following Chances to win or loſe, ac- 


@ cording to the place his Card is in. 


x | 1 Chance for winning 
1 Chance for loſing 
1 Chance for winning 
1 Chance for loſing 

x Chance for winning 
6 | x Chance for loſing 

* | x Chance for winning © 


Mo wo 
My mw me 0 


It appears by this Scheme that he has as many Chances 


to win 1 as to loſe 1, and that there are two Chances 
for neither winning nor loſing, viz. the firſt and laſt, and 


therefore that his only Loſs is upon account of his being 
Faced: From which 'tis plain that the number of Cards co- 
vered by that which is in view being called u, his Loſs will 
be , of — ſuppoling y = * | | 


_ SOLUTION of the ſecond Caſe. 

By the firſt Remark belonging to the XI./ Problem it appears 
that the Chances which the Ponte has to win or loſe are 
8 to the numbers, 2— 1, #—2, 2—3 & c. There- 
fore his Chances for winning and loſing may be expreſſed 
by the following Scheme. - 
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—1 Chances for winning © 
| »—2 Chances for loſing » 
1-3 Chances for winning 1 
| 2—4 Chances for loſing I 
1— 5 Chances for winning 1 
I 
1 
1 
I 
I 


— 


a—6 Chances for lofing 
| »—7 Chances for winning 
a—8 Chances for loſing 
a—9 Chances for winning 
* x Chance for loſing 


7 


© © new RE ww 


Now ſetting aſide the firſt and ſecond number of Chan- 
ces, it will be found that the difference between the 34 


and 4th is = 1, and that the difference between the 5th and 


6th is — x. The difference between the 7th and 8th alſo 
i5= 1, and ſo on. But the number of differences is , and 
the ſum of all the Chances is = *=*, Wherefore the Gain 
of the Ponte is £=3-; but his Loſs upon account of the Face 


is 12 X y divided by = x 22, or 2-4 ; Hence it may be 


nxn{l 


concluded that his Loſs upon the whole is 


— 2 


21 —Ax y- un 


r ——— ſuppoſing y = = 


nxn=1i 


That the number of Differences is A will be made evi- 
dent from two conſiderations. 

Firſt, the Series 2—3, 2—4, 2—5 Ec, decreaſes in Arith- 
metic Progreſſion, the difference of its Terms being Unity, 
and the laſt Term alſo Unity, therefore the number of its 


Terms is equal to the firſt Term 3: But the number of 


Differences is one half of the number of Terms, therefore the 
number of Differences will be . 


Secondly, It appears by the XIth Problem, that the num- 


ber of all the Terms including the two firſt is always 1; 
But 6 in this caſe is —2. Therefore the number of all the 


Terms is z—1, from which excluding the two firſt, the num. 
ber of remaining Terms will be 3, and conſequently the 
number of Differences will be . | 


That the ſum of all the Terms is ＋* , is evident alſo 
from two different conſiderations. Firſt, 
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= Firſt, In * Arithmetic Progreſſion whereof the firſt Term 

8 is 2— 1, the difference Unity, and the laſt Term alſo Unity; 
the ſum of the Progreſſion will be . 


Secondly, the Series . x n= Ii + n= 2 + n—3 & 
belonging to the preceding Problem, expreſſes the ſum of 
the Probabilities of winning, which belong to the ſevera? 
Gameſters in the caſe of two White Counters, when the num- 
ber of all the Counters is 2. It therefore expreſſes likewiſe 
the ſum of the Probabilities of winning, which belong to the 

Ponte or Banker in the preſent caſe: But this ſum muſt al- 
ways be equal to Unity, it being a certainty that the Ponte 
or Banker muſt win; ſuppoſing therefore that 2— 1, »—2, 
2—3 &c. is = S. we ſhall have the Equation 2 


nxn=—1 
= Therefore S =x*=. 


SOLUTION of the third Caſe. 
By the firſt Remark of the XTh Problem it appears that 


the Chances which the Ponte has to win and loſe, may be.- 
expreſſed by the following Scheme. 


— 


2—1I X #—2 for winning 
a—2 Xx 1—3 for loſing 
Z—3 Xx 1-4 for winning 
| z—4 x 2 for loſing 
u—5 Xx #u—6 for winning 
u—6 x 1—7 for loſing 
2—7 X #—8 for winning 
u—8 x #u—9 for loſing 
2x 1 for winning 


Setting aſide the firſt, ſecond and laſt number of Chances ; 
it will be found that the difference between the 34 and 4h 
t52z—8; the difference between the 5th and 6th 2y— 12, 
the difference between the 7th and 8:h 2— 16. &,. Now * 
| theſe differences conſtitute an Arithmetic Progreſſion, wheres - 
of. the firſt Term is 2»— 8, the common difference 4, and 
the laſt Term 6, being the difference between 4 x 3 and 3 x 22 
Wherefore the ſum of this Progreſſion is 221,223, to which 


adding the laſt Term 2 & 1, which is favourable to the 
Ponte 


* OO g Þ 
MH mw == 0 
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Ponte, the ſum total will be * . But the ſum of all the 
Chances is = „ x "2; as may be concluded from the firſt 
Remark of the preceding Problem: Therefore the Gain of 
the Ponte is .’. But his Loſs upon account of 


2x n Nn —IX Nun 2“ 


BXn—=2Xn—3X) 
2X Xu IX 2 


the Face is - Conſequently his Loſs upon the 


Fi GN N- 1223 
whole will be 2X XY —IXA— 2 | or 2 XxX INA —- 29 


Suppoling y == _ 
SOLUTION of the fourth Caſe. 


The Chances of the Ponte may be expreſſed by the fol- 
low ing Scheme. | 


u2—1 X#—2 X#—3 for winning © 
U—2 X#—3 x#—4. for loſing y 
#—3 X#—4 X 3—5 for winning 1 
#—4 X#u=—5 X3—6 for loling 1 
a—5 Xu—6 x n—7 for winning 1 
n—6 X- 7 x#—8 for loſing 1 
u=—7 Xa—8 xXx n—9 for winning 1 

3x 2X t for lohng Ix 


X AGA 


Setting aſide the firſt and ſecond numbers of Chances, and 
taking the differences between the 3d and 4th, 5th and 6th; 
2th and 87h, the laſt of theſe differences will be found to be 18. 
Now if the number of theſe differences be p, and we begin 
from the laſt 18, their ſum, from the ſecond Remark of the 
preceding Problem, will be collected to be px i p45: 

And the number p in this caſe being , the ſum of theſe 


differences will be 2 23 2=5, But the ſum of all the 
Chances is 2 * E = x ; wherefore the Gain of the 


„„ ; X13 2 —5 3 . | | 
Ponte 5 his Loſs upon account 


2% a2 N. 2-3 X-—4 X 45 | . 
of the Face is — En oo and therefore his Loſs 


| % 4X —=2X3—4X) =3—5X2m—5 3n=90 
upon the whole is . „ 


making) == There 
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- 'Thereſtill remains the ſingle Caſe to be conſidered, v:z. what 
the Loſsof the Ponte is, when he lays a Stake before the Pack is 
turned up; but there will be no difficulty in it after what we 
have ſaid, the difference between this Caſe and the reſt being 
only that he may be Faced by the firſt Card diſcovered, which 
will make his Loſs to be — ALE that is, about g part 
of his Stake. N | 
Thoſe who are deſirous to try, by a kind of Mechanical 
Operation, the truth of the Rules which have been given for 
determining the Loſs of the Ponte in any Caſe, may do it in the 
following manner. Suppoſe for Inſtance it were required to 
find the Loſs of the Ponte when his Card is twice in the Stock, 
and there are five Cards remaining in the hands of the Ban- 
ker beſide the Card in View. Let them be diſpoſed accor- 
ding to this Scheme. | 


„ „ % 0 3 
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| Where the places filled with Aſteriſcs ſhew all the Various 

Poſitions which the Ponte's Card may obtain; it is evident that 
the Ponte has four Chances for neither winning nor loſing, three 
Chances for the Face or for loſing +, two Chances for winning 


1, and one Chance for loſing 1; and conſequently that his Loſs 
is ＋ to be diſtributed into 10 parts, the number of all the 
Chances being 10, which will make his Loſs to be ==. Like- 
wiſe if the number of Cards that are covered by the firſt were 
ſeven, it would be found that the Ponte would have ſix Chan- 
ces for neither winning nor loſing, five Chances for the Face, 
four Chances for winning 1, three Chances for loſing x, two 
Chances again for winning 1, and one Chance for loſing 1, 
which would make his Loſs to be . And the like may be 


done for any other Caſe whatſoever. 
= L . From 
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From what has been ſaid, a Table may eaſily be compo- 
ſed, ſhewing the ſeveral Loſſes of the Ponte in whatever cir- 
cumſtance he may happen to be. 


A TABLE for BASSETE. 


N| 1 " 1. 1 
FD 
Fr N 1735 | 8657 8 
22 . 2352 "2602 - 801 
144 57 
45 go | 1980 1351 55 7 
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3 66 -| ys | 99 | 363 
30 | 62 3 6 1 32211 
. wm 3 x62 _* 281 | 
| OY ww” 
. 3 09 
| —_ 4 | $06: | 296 | yp 
r 
_—— „ . 
r | is 1 97. | 
| aw | we | 3s | 
[13 | 26 E 1 
. 
Free 0 
: Sy W]-<w M4: 44-1 


| The Uſe of this Table will be beſt explained by one or 
o Examples. | Exam- 
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EXAMPLE I. 


ET it be propoſed to find the Loſs of the Ponte when 
L there are 26 Cards remaining in the Stock, and his Card 
is twice in it. | 

In the Column N find the number 25, which is leſs by 
one than the number of Cards remaining in the Stock : Over 
againſt it, and under the number 2, which is at the head of 
the ſecond Column, you will find 600; which is the Denomi- 
nator of a Fraction whoſe Numerator is Unity, and which 


ſhews that his Loſs in that circumſtance is one part in fix - 
hundred of his Stake. | 


EXAMPLE II. 


O find the Loſs of the Ponte when there is eight Cards re- 
maining in the Stock, and his Card is three times in it. 

In the Column N find the number 7, leſs by one than 
the number of Cards remaining in the Stock: Over againſt 7, 
and under the number 3 in the third Column, you will find 
35; which denotes that his Loſs is one part in thirty five 
of his Stake. . | 

Corollary I. *Tis plain from the conſtruction of the Table, 
that the fewer Cards are in the Stock, the greater is the Loſs 
of the Ponte, 

Corollary II. The leaſt Loſs of the Ponte, under the ſame 
circumſtances of Cards remaining in the Stock, is when his 
Card is but twice in it; the next greater when three times; 
fill greater when four times, but his greateſt Loſs when 'tis 
but once. 

If the Loſs upon the Face were varied, tis plain that in all 
the like circumſtances, the Loſs of the Ponte would vary ac- 
cordingly, but it would be eaſie to compoſe other Tables to an- 
{wer that Variation, ſince the quantity y, which has been aſ- 
ſumed to repreſent that Loſs may be interpreted at pleaſure. 
For inſtance, when the Loſs upon the Face is , it has been found 


in the Caſe of 7 Cards covered remaining in the Stock, and the 
Card of the Ponte being twice in it, that his Loſs would be , 


but upon ſuppoſition of its being =, it will be found to be . 
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The GAME of PHARAON. 


HE Calculation for Pharaon is much like the prece- 
ding, the reaſonings about it being the ſame; there- 
fore I think it will be ſufficient to lay down the Rules of 


the Play, and the Scheme of the Calculation. 


RULES of the PLAT. 


Firſt, 'The Banker holds a Pack of 52 Cards. 

Secondly, He draws the Cards one after the other, laying 
them alternately to his right and left hand. 

Thirdly, the Ponte may at his choice ſet one or more Stakes 
upon one or more Cards either before the Banker has begun 
to draw the Cards, or after he has drawn any number of 


Couples, which are commonly called Pals. 


' Foarthly, The Banker wins the Stake of the Ponte, when 
the Card of the Ponte comes out in an odd place on his 
right hand; but loſes as much to the Ponte when it comes 
out in an even place on his left hand. | | 

Fifthly, The Banker wins half the Ponte's Stake, when in 
the {ame Pull the Card of the Ponte comes our twice. | 

Sixthly, When the Card of the Ponte, being but once in 
the Stock, happens to be the laſt, the Ponte neither wins 
nor loſes. 1 

Seventhly, The Card of the Ponte being but twice in the 
Stock, and the two laſt Cards happening to be his Cards, 


he then loſes his whole Stake. 


PROBLEM XIII. 


O Find at Pharaon the Gain of the Banker, in am Cir- 
cumſtance of Cards remaining in the Stock, and of the 
number of times that the Ponte's Card is contained in it. | 
This Problem, containing-four Caſes, that is, when the 
Card of the Ponte is once, twice,:three or four times in the 
Stock; we ſhall give the Solution of theſe four Caſes ſeve- 


rally. | 
SOLU- 
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SOLUTION of the firſt Caſe; 


The Banker has the following number of Chances for win- 
ning and loſing, viz. 


Chance for winning x 
Chance for loſing x 
Chance for winning x 1 
Chance for loſing 1 
Chance for winning 1 
x Chance for loſing o 


% AA 
fy bay fa bay bY 


Therefore the Gain of the Banker is . Suppofing » to 
be the number of Cards in the Stock. 


SOLUTION of the ſecond Caſe. 


The Banker has the following Chances for winning and 
loling, viz, 


- 


"ph Chances for winning 1 

x Chance for winning y 

2 | 3z—2 Chances for loſing = 

| 1 Chances for winning x | 
1 Chance for winning 


x | 


—— 


* 


1-4 Chances for loſing 1 


1 — WS 


1 Chances for winning 1 
1 Chance for winning 
z—6 Chances for loſing 1 


— ed wy 6 & 


— * 
* 1 6 


5 2—8 Chances for winning x ; 
7,% 1 Chance for winning 
' 8 | 2=—8 Chances for loſing 1 


* 1 Chance for winning 1 


Therefore the Cain of the Banker is 2, or E- 


ſuppoſing 3-=2: | 


u K — 1 2 un N 


M | 5 


- 


a 4 
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The only thing that deſerves to be explained here, is this; 
how it comes to paſs that whereas at Baſſere the firſt num- 
ber of Chances for winning was repreſented by z—1, here 
tis repreſented by »—2. To anſwer this it muſt be remem- 
ber'd, that according to the Law of this Play, if the Ponte's 
Card comes out in an odd place, the Banker is not thereby 
entitled to the Ponte's whole Stake: For if it ſo happens that 
his Card comes out again immediately after, the Banker wins 
but one half of it. Therefore the number 2— 1 is divided 
into two parts z—2 and 1, whereof the firſt is proportional 
to the Probability which the Banker has for winning the 
whole Stake of the Ponte; and the ſecond is proportional to 
the Probability of his winning the half of it. 


SOLUTION of the third Caſe. 


The number of Chances which the Banker has for win- 
ning, and loſing are as follow; ;, | 

ſ * * #—3 Chances for winning 1 

, 2 Xx #—2 Chances for winning 

2 | #3—2 x 3 Chances for loſing 1 
2 1—4 x 1—5 Chances for winning 1 
3 2 x z—4 Chances for winning y 
4j 2-4 - Chances for loling 1 


m 


n 


—B — 


| 8 * »—7 Chances for winning 1 
2 X #—6 Chances for winning y 
#—6 x z—7 Chances for loſing 1 


5 
6 


— 


. 


45 * 9 Chances for winning 1 
| © 2 x #—8 Chances for winning 5 
> 2 Xx 1 Chances for loſing 1 


Therefore the Gain of the Banker is or 


UW 


ſuppoſing ) = . 5 — 

The number of Chances for the Banker to win is divided 
into two parts, whereof the firſt expreſſes the Chances he 
has for winning the whole Stake of the Ponte, and the ſe- 
cond for winning the half thereof, 


Now 


. 
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Now for determining exactly theſe two parts, it may be 
conſidered, that in the firſt Pull the number of Chances for 
the firſt Card to be the Ponte's is »—1 x #—2; alſo that 
the number of Chances for the ſecond to be the Ponte's but 
not the firſt, is a—2 x z—3: Wherefore the number of Chan- 
ces for the firſt to be the Ponte's and not the ſecond, is like- 
wiſe z—2 x #—3. Hence it follows, that if from the num- 
ber of Chances for the firſt Card to be the Ponte's, viz. from 
2—1 Xx #—2 there be ſubtracted the number of Chances for 
the firſt to be the Ponte's and not the ſecond, viz. x—2 x n—}, | 
there will remain the number of Chances for both firſt and | 
ſecond Cards to be the Ponte's, viz. 2 x x—2 and ſo for the | 
reſt. | 


SOLUTION of the fourth Caſe. 


The number of Chances which the Banker has for win 
ning and loſing, are as follows; | 


1 n—22, X #—3 X3—4 Chances for winning 1. 

3 X a—2 X 4—3 Chances for winning y 
2 a—2 X A- 3 Xx #—4 Chances for loſing 1 
| — N 


1 2—4 * — FX —6 Chances for winning 4 
3 x- 4x5 Chances for winning y 
1— 4 X #—5 X 3—6 Chances for loſing 1 


AAA 
ur 


—_ 


A Us 


I | 4 u—6 Xn—7 x #—8 Chances for winning x 
3 X - x u—7 Chances for winning 

26-7 x #—8 Chances for loſing 1 

7 " As Xx 2—9 x #—10 Chances for winning 1 

3 X- x#—9 Chances for winning 

3'| z—8 xz—9 xz#—10 Chances for loſing. 1 


—— — 


A V 


* 1 2 „ 1 x © Chances for winning x 
3 Xx 2 xXx 1 Chances for winning 1 
2 X 1 x © Chances for loſing 1 


Therefore the Gain of the Banker is ;22==-y, or an 
ſuppoſing y = 2 „ 
11 


* 
— 
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A TABLE for PHAR AON. 
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The numbers of the toregoing Table, as. well as thoſe of the 
Table for Baſſete, are ſufficiently exact to give at firſt view an 
Idaa- of the advantage of the Banker in all circumſtances: But 
if an abſolute degree of exactneſs be required, it will be eaſily 
obtained from the Rules given at the end of each Caſe. 


PR O- 
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PROBLEM XIV. 
F A, B, C throw in their turns a regular Ball, having four 


White Faces and eight Black ones; and he be to be reputed to 


win who ſhall firſt bring ap one of the White Faces: It is demand. 
ed what is the proportion of their reſpective Probabilities of wine 
ning f 


SOLUTION. 


He method of reaſoning in this Problem is exactly the 
| {ame with that which we made uſe of in the Solution of 
the XIzh Problem: But whereas the different throws of the 
Ball do not diminiſh the number of its Faces; in the room of 
the Quantities þ—1, b—2, b—3 &c. #—1, #—2, #—3 &c. 
employed in the Solution of the aforeſaid Problem, we muſt 
ſubſtitute b and » reſpectively, and the Series belonging to 
that Problem will be changed into the following, vis. 


- += + © +3 _ = 
which is to be continued infinitely : Then taking every third 


Term thereof, the reſpective Expectations of 4, B, C will 


be expreſſed by the three following Series. 
— += + © + 

2 + 5 + 3 3 
_— + == +3 + 
But the Terms of which each Series is compounded are in 

Geometric Progreſſion, and the Ratio of each Term to the 
following the ſame in each of: them; Wherefore the Sums of 
theſe Series are in the, ſame proportion as their firſt Terms, 


Viz. as ——, ==, — or as un, bn, bb; that is, in the pre- 


ſent Caſe, as 144, 96, 64, or as 9, 6, 4. Hence the reſpective 
Probabilities of winning will be likewiſe as the numbers 9, 
6, 4 1 | 

Corollary I. If there be any other number of Gameſters 
A, B, C, D &c. playing on the * conditions as — 5 
„„ | | take 
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take as many Terms in the Ratio of 2 to & as there are 
Gameſters, and thoſe Terms will reſpectively denote the ſe- 
veral Expectations of each Gameſter. 

Corollary II. If there be any number of Gameſters A, B, 


C, D &c. play ing on the ſame conditions as above; with this 


difference only, that all the Faces of the Ball are mark'd by 
particular Figures, 1, 2, 3, 4 &c. and that a certain number p 
of thoſe Faces ſhall intitle A to be the winner; and that like- 
wiſe any other number of them, as 3, r, s, # &c. ſhall reſpe- 
ctively intitle B, C, D, E &c. to be winners: Make »—p—4a, 
24 b, rc, — d, u—t e &c. then in the fol- 
lowing Series, „ 5 | 
— + 2 + 22 1 228 22989 Ke. 


15 * 15 


the Terms taken in due order ſhall repreſent the ſeveral 


Probabilities of winning. 


For if the Law of the Play be ſuch, that every Man ha- 


ving once play'd in his turn, ſhall begin again regularly in 
the ſame manner, and that continually till ſuch time as one 
of them wins: Then take as many Terms of the Series as 
there are Gameſters, and thoſe Terms ſhall repreſent the re- 

ſpective Probabilities of winning. : 


And if it were the Law of the Play, that every Man 


ſhould play ſeveral times together, for inſtance twice: Then 
taking for A the two firſt Terms, 


ctive Probabilities of winning; obſerving that now p and 3 
are equal, as alſo and 5. | | 


But if the Law of the Play ſhould be Irregular, then you 


mult take for each Man as many Terms of the Series as will 


anſwer that Irregularity, and continue the Series till ſuch time 
as it gives a ſufficient Approximation. 

Yet, if at any time the Law of the Play having been Ir- 
regular ſhould afterwards recover its Regularity, the Proba- 
bilities of winning will (with the help of this Series) be de- 
termined by finite expreſſions. 15 * 

Thus, if it ſhould be the Law of the Play, that two Men 
A and B, having play'd irregularly for ten times together, 
ould en play alternately each in his turn: Diſtri- 


bute the ten firſt Terms of the Series between them, accord- 
, | N ing 


for B the two following, 
and ſo on; each Couple of Terms ſhall repreſent their reſpe- 
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ing to their order of playing; and having ſubtracted the ſum - 
. OF © 


hoſe Terms from Unity, divide the remainder of it be- 
tween them, in the proportion of the two following Terms, 
which add reſpectively to the ſhares they had before : Then 


ſhall the two parts of Unity which 4 and B have thus ob- 


tained, be proportional to their reſpective Probabilities of 
winning. | | 
Of Permutations and Combinations. 

Permutations are the Changes which ſeveral things can re- 
ceive in the different Orders in which they may be placed, 
being conſidered as taken two and two, three and three, four 
and four, &c. | | 
Combinations are the various Conjunct ions which ſeveral 
things may receive without any reſpe& to Order, being ta- 
ken two and two, three and three, four and four, &c. | 


LEMMA. 


1 F the Probability that an Event ſhall Happen be , and if that 


Event being ſe «ppoſes to have Happened, the Probability of 
anothers Happening 


- PROBLEM XV. 
NY number of Things a, b, c, d, e, f being given, out of 
which Two Ae. a it hap pews : To find the Probability 


that any one of them, as a, ſhall be the firſt taken, and any. 
other, as b, the ſecond. 


880 


H E number of Things in this Example being Six, it fol- 


lows that the Probability of taking 4 in the firſt place 


is : Let à be conſidered as taken, then the Probability of 


taking b will be +; wherefore the Probability of taking firſt 


| * 1 
4 and then 6 is + * = 


Corol- 


be L; the Probability of both Happening will 
be „ + Or . This having been already Demonſtrated in 
the Introduction, will not require any farther proof. 5 


F 
1 
j 
| 
f 
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Corollary, Since the _ of 4 in the firſt place and 5 
in the ſecond, is but one ſingle Caſe of thoſe by which 
Six Things may change their Order, being taken two and 
two; it follows, that the number of Changes or Permutations 
of Six Things taken two and two muſt be 30. 

Generally, Let x» be 7 number of Things; the Probabili- 
ty of taking à in the firſt place and 6b in the ſecond, will 
be ; and the number of Permutations of thoſe Things 


n XI 3 


taken two by two will be * —1. 
PROBLEM XVI. 
A NY number n of Things a, b, c, d, e, f being given, out 


of which Three are taken as it Happens: To find the Proba- 
bility that a ſhall be the firſt taken, b the ſecond and c the third, 


SOLUTFON. 
He Probability of taking 4 in the firſt place is : Let « be 


conſidered as taken; the Probability of taking & will be : 


Suppoſe both 4 and 6 taken, the Probability of taking c will 
be . Wherefore the Probability of taking firſt a, then 6, 
4 

and thirdly c, will be = = X ＋ = = 

Corollary. Since the taking of 4 in the firſt place, 6 in the 
ſecond, and c in the third, is but one ſingle Caſe of thoſe 
by which Six Things may change their Order, being taken 
three and three; it follows, that the number of Changes or 
Permutations of Six Things, taken three and three, muſt be 
6X5 X4 = 120. 

Generally, If n= be any number of Things; the Probabili- 
ty of taking 4 in the firſt place, “ in the ſecond and c in the 


third will be X = x —. And the number of Permu- 


tations of three Things will be z XK x X a—2. 


General COROLLARY _ 

The number of Permutations of » Things, out of which 
as many are taken together as there are Units in ↄ, will be 
1 X — t XA 2 N —3,&c..continued to ſo many Terms as 
there are Units in p. on 
h Thus, 


by 
me 
253 
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Thus, the number of Permutations of Six Things taken 
four and four, will be 6X5X4X3 — 360, Likewiſe the num- 
ber of Permutations of Six Things taken all together will be 
6 NSX 4ANZXZ XI S 720, 


PROBLEM XVII. 


0 Find the Probability that any number of Things, whereof 
ſome are repeated ſeveral times, (ball all be taken in any 
Order propoſed : For Inſtance, that aabbbcccc ſhall be taken 


in the Order wherein they are written, 


SOLVUTEFOM 


T He Prohability of taking 4 in the firſt place is : Sup- 


poſing one 4 to be taken; the Probability of taking the 
other is . Let now the two firſt Letters be ſuppoſed to 


be taken, the Probability of taking 6 will be =: Let this 


| alſo be ſuppoſed taken, the Probability of taking another 4 


will be : Let this likewiſe be ſuppoſed taken, the Proba- 
bility of taking the third 6 will be =; after which there 


remaining nothing but the Letter c, the Probability of taking 
it becomes a certainty, and conſequently is equal to Unity. 
Wherefore the Probability of taking all thoſe Letters in the 
Order given is „Xx 

Corollary, Therefore the number of Permutations which 
the Letters aabbbccce may receive, being taken all together 


. 9X8X7TXG6%KF5 | 
will be nn 


Generally. The number of Permutations which any num- 


ber » of m_ "may receive, being taken all together, 


whereof the fic{t ſort is repeated p times, the ſecond q 
times, the third v times, the fourth s times, &c. will be the 
Series 2K Y—I Xx 2—2 * #—} * #—4 Rc. continued to ſo 
many Terms as there are Units in pq +r or 2-5, divided 
by the. Product of the following Series, viz. px p—1 x p—2,&Cc. 
K 9 q—1 * q—2, QC. XXI x/—2, &c. whereof the 
firſt mult be continued to ſo many Terms as there are Units 
in p; the ſecond, to ſo many Terms as three are Units in q; 


the third, to ſo many Terms as there are Units in r &c. 


Q- 2 PROB- 
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PROBLEM XVII. 


A NY number of Things a, b, e, d, e, f being given: To 
find the Probability that, in taking two of them as it may 

Happen, both a and b ſhall be taken independently, or without 

any regard to Order. | 


. HE Probability of taking 4 or 6 in the firſt place 
will be =; ſuppoſe one of them taken, as for In- 
ftance a, then the Probability of taking b will be -. Where. 


fors the Probability of taking both a and 6 will bs -2— x —+— 


== po = — 


3 
Corollary. The taking of both a and b is but one fingle 
Caſe of all thoſe by which Six Things may be combined 
two agd two; wherefore the number of Combinations of 
Six Things taken two and two will be - Xx 4-— 15. 
Generally. The number of Combinations of » Things, 
taken two and two, will be -.. 


PROBLEM XIX. 


neee e £ foine gee: To 
find the Probability, that 7 taking three of them as it 


Ela ONS. they ſball be any three ed. as a. c: 20 re 75 
— had to Order. mea h ©; ſpect 


SOLUTION. 


| ny of king either 4, or b, or c in the 
1 firſt place will be . Suppoſe one of them as 4 to 
de taken, then the Probability of taking &, or e in the ſecond 
place will be . Again let either of them taken, as ſup- 
poſe &; then the Probability of taking c in the third place 
will be -; wherefore the Probability of taking the three 

Things propoſed, viz. 4, b, c will be -- „- xy —- 
| Corol- 


—— — ——— ä + 
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_ Corollary, The taking of a, b, c is but one ſingle Caſe of 
all thoſe by which Six Things may be combined three and 


three; wherefore the number of Combinations of Six Things 
taken three and three will be - x —5 x + =20. 


Generali). The number of Combinations of à Things com- 
bined according to the number p, will be | 


7 1 2 5 gn - &c. Both Numerator and Denomi- 
nator being continued to ſo many Terms as there are Units | | 


in p. 


PROBLEM XX. 


O find what Probability there is, that in taking as itr Flap- 
pens Seven Counters out of. Twelve, whereof four are White- 
and eight Black, three them (ball be White ones. 


S.OLUTION. 


—Icſt, Find the number of Chances for taking three White 
ones out of four, which will be -x — =4- 

Secondly, Find the number of Chances for taking four 

Black ones out of eight: Theſe Chances will be found to be 


CgnING6XE: a. 70 
— — . 


1 2 | 

Ti birdy, Becauſe every. one of the preceding Chances may 
be joined with every one of the latter, it follows, that the 
number of Chances for taking three White ones and four 
Black ones, will be 4 * 70 = 280. | 
 Foarthly, Find the number of Chances for taking four 
White ones out of four, which will be found to be 
TX XX = I. 

Fifthly, Find the number of Chances for taking three Black - 
ones out of eight, which will be -x N = 56. 

S$ixthly, Multiply theſe:two laſt numbers together, and the a 
Product 56 will ſhew that there are 56 Chances for taking 
four White ones and three Black ones; which 1s a Caſe not 5 
expreſſed in the Problem, yet is implyed: For he who under- 5 
takes to take three White Counters out of eight, is reputed | 
to be a winner tho? he takes four; unleſs the contrary be ex : 
preſly ſtipulated... | Seventbly, 
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Seventhly, Wherefore the number of Chances for taking 
three White Counters will be 280 + 56 — 336. 


Eighth, Seck the number of all the Chances for taking 


ſeven Counters out of twelve, which will be found to be 
I2 XITXIOXQX8X7TXG6G __ 
nn 792. 


Laſtly, Divide the preceding number 336 by the laſt 792, 


and the Quotient =, or 33 will be the Probability re- 
quired. | - . | 

Corollary. Let 2 be the number of all the Counters, à the 
number of White ones, 6 the number of Black ones, c the 
number of Counters to be taken-out of the number ; then 


the number of Chances for taking none of the White ones, 


or one ſingle White, or two White ones and no more, or 
three White ones and no more, or four White ones and-no 
more, &c. will be expreſt as follows. 


b 5—1 5—2 5—3 2 41 4—2 a=3 
— X * Xx — c. XA = * * X F &C. 


2 
The number of Terms wherein “ enters being always equal 
to c=4, and the whole number of Terms equal to c. 
But the number of all the Chances for taking a certain 
number c of Counters out of the number 2, with one or 
more White ones, or without any, will be | 


= —2 2 2 
LN x aK A x ag x £57 ec, 
which Series muſt be continued to ſo many Terms as there 
are Units in c. | | 


REMARK. 


| T7 the numbers » and c were large, ſuch -25- 400 and 


8000, the foregoing method would ſeem impracticable, 
by reaſon of the vaſt number of Terms to be taken in both 


Series, whereof the firſt is to be divided by the ſecond : Tho? 


if thoſe Terms were actually ſet- down, a great many of 
them being common Diviſors, might be expunged out of both 
Series. However to avoid the trouble of ſetting down fo 
many Terms, it will be convenient to-uſe the following The- 

orem, which is a contraction of that Method. 
Let therefore » be the number of all the Counters, 4 the 
number of White ones, c the number of Counters to be taken 
| | Out 


Fi 
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out of the number , p the number of White Counters to 
be taken preciſely in the number c: Then making z»—c = 4. 
I fay that the Probability of taking preciſely the number p- 
of White Counters will be | | | 


— Xe 2 &c. xd Xd—1 Xd4—2 QC. Xx Xx N 
B * I XB—L XB=—J X- I XA AX N Xn—6 &c. 


Here it is to be obſerved, that the Numerator conſiſts of 
three Series, which are to be Multiplied together; whereof 
the firſt contains as many Terms as there are Units in p, the 
ſecond as many as there are Units in a—p, the third as many 
as there are Units p: And the Denominator as many as there 
are Units in 4. | 


PROBLEM XXL 


To A Lottery conſiſting of 40000 Tickets, among which are 

1 Three particular Benefits: What is the Probability that ta- 

king 8000 of them, one or more of the Three particular Benefits 
ſhall be amongſt them ? | 


SOLUTION. 


 Tlsſt in the Theorem belonging to the Remark of the fore- 
; F going Problem, having ſubſtituted reſpectively, 8000, 
40000, 32000, 3 and 1, in the room of c, , d, 4 and p; 
it will appear, that the Probability of taking preciſely one 
of the Three particular Benefits will be | | 
$ooo x 32000 KM JI999X 3 48 | 
40000 * 39999 * 39998 bh II —_— 1 
Secondly, c, , d, a being interpreted as before, let us ſup- 
poſe p = 2. Hence the Probability of 11 Two 
of the particular Benefits will be found to be 


8000 X 7999 X 32000 X 3 or 12 
| 40000 X 39999 * 39998 125 


very near. 


Thirdly, Making p = 3. The Probability of taking all the 
Three particular Benefits will be found to be 


| $000 * X 8 1 
40000 X 39998 & 39998 7 6 — very Near. | 
P Wübere- 


25 
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Wherefore the Probability of taking one or more of the 


Three particular Benefits will be — , or A very. 
near. 

N. B. Theſe three Operations might be contracted into 
one, by inquiring what the Probability is, that none of the 
particular Benefits may be taken; for then it will be found to 

2000 X ZI x 31998 6 | , 1 

be hos pane IS = —+ nearly; which being ſub- 
tracted from x, the Remainder 1— , or 6 will ſhew- 


| 7 28 
the Probability required. 1 TOY 


PROBLEM XXI. 


1 O Find how many Tickets ought be taken in a Lottery con- 
fiſting of 49000, among which there are Three particu- 
lar Benefits, to make it as Probable that one or more of thoſe 
Three may be taken as not. 


SOLUTION. 

ET the number of Tickets requiſite to be taken be K: 
LIt will follow therefore from the Theorem belonging 
to the Remark of the XXzh. Problem, that the Probability 
of not taking amongſt them any of the particular Benefits 
will be X == x ===>. But this Probability is , 
ſince the Probability of the contrary is ＋ by Hypotheſis , 


k F 
whence it follows that === x == x == = — This 
Equation being ſolved, the value of x will be found to be 
nearly 8252. TY | 

N. B. The Factors, whereof both Numerator and Deno- 
minator are compoſed being in Arithmetic Progreſſion, and 
the difference being very ſmall in reſpect of 2; thoſe Terms 
may be conſidered as being in Geometric Progreſſion, where- 
fore the Cube of the middle Term = may be ſuppoſed 


equal to the Product of thoſe Terms; from whence will a- 
riſe the Equation — = — = — (ne- 


11 * 


glecting Unity in both Numerator and Denominator) and 
| | | | | con- 
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—— — 


conſequently & will be found to be nx 1—y+, but » is 


2 | 
= 40000, and 1-7 = o. 2063; Therefore x = 8252. 

In the Remark belonging to the Vth Problem, a Rule 
was given for finding the number of Tickets that were to 
be taken to make it as Probable that one or more of the 
Benefits ſhould be taken, as not; but in that Rule it is ſup- 
poſed that the proportion of the Blanks to the Prizes was 
often repeated, as it uſually is in Lotteries: Now in the 
Caſe of the preſent Problem, the particular Benefits being 
but Three in all. the remaining Tickets are to be —— | 
as Blanks in reſpe& of them; from whence it follows, that. 
the proportion of the number of Blanks to one Prize being 
very near as 13332 to 1, and that proportion being repeat- 
ed but three times in the whole number of Tickets, the Rule 
there given would not have been ſufficiently exact in this 
Caſe; to ſupply which it was thought neceſlary to g:ve the: 
Solution of this Problem. 


PROBLEM XXIII. 


O Find at Pharaon, how much it is that the Banker gets“ 
per Cent of , all the. Money that is adventared, 


Suppoſe, Firſt, that there is but one ſiagle Ponte: Second-> 
9, That he lays his Money upon one ſingle Card at a 
time: Thiraly. That he begins to take a Card in the begin- 
ning of the Game: Foarthly, That he continues to take a 
new Card after the laying down of every Pull: Ffthly, That- 
when there remains but Six Cards in the Stock, he ceaſes to - 
take a Card. | 


SOLUTION 


WA PEN at any time the Ponte lays a new Stake up- 
on a Card taken as it Happens out of his Book, 
ler the number of Cards that are already laid down by the. 
Banker be ſuppoſed equal to x. | . 


Now: 
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Now in this circumſtance, the Card taken by the Ponte 
has either paſt four times, or three times, or twice, or once, 
or not at all. 

Firſt, If it has paſſed four times, he can be no loſer upon 
that account. 

Secondly, If it has paſſed three times, then his Card is once 
in the Stock; now the number of Cards remaining in the 
Stock being #»—x, it follows by the firſt Cafe of the XIII/h 
Problem that the loſs of the Ponte will be =: But by the 


Remark belonging to the XX Problem, the Probabilit 
that his Card has paſſed three times preciſely in x Card, 


is £245 — — — — Now ſuppoſing the Denominator e- 
al to bs Multiply. the loſs he will ſuffer ( if he has that 


hance) by the Probability of having it, and the Product 
, will be his abſolute loſs in that circum- 


? * 
"34 BY 


Thirdly, If it has paſſed twice, bis loſs by the ſecond Caſe 
of the XIIIzh Problem will be = =, but the Pro- 


bability that his Card has paſſed | rs x Cards, is ds, is by the 
Remark of the XXI Problem, .. .; 


wherefore Multiplying the lofs he will ſuffer (if he has that 
Chance) by the Probability of his having it, the Produ& 


3 Vill be his abſolute loſs in that 
circumſtance. = 

Fourthly, If it has paſſed once, his lofs Moltiplyed into 

the Probability chat it it has paſſed, will make his abſolute loſs | 


to be ** X — . 


If it has not yet paſſed, his loſs Mulriplyed into 
the *Frobabilr that it has not as not paſſed, will make his abſolute 


loſs ro be n—=x x — — 
Now the Sum of all theſe loſſes of the Ponte's will be 


32 DEA, and this is the loſs he ſuffers by 
venturing a new Stake after any number of Cards x are 


; But 
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But the number of Pulls which at any time are laid down, 
15 always one half of the number of Cards that are paſt; 
wherefore calling ? the number of thoſe Pulls, the Loſs of the 


Ponte may be expreſſed thus, U e Cν 
Let now y be the number of Stakes which the Ponte adven- 


tures; let alſo the Loſs of the Ponte be divided into two parts, 


— 7 {4 
VIZ, ” 3 22 S and | 6t - 6ttÞ+ 247? : 


And ſince he adventures a Stake times it follows, that the 
firſt part of his Loſs will be -=z2n27 520 


In order to find the ſecond part, let ? be interpreted ſuc- 
ceſſively by o, 1, 2, 3 &c. to the laſt Term p—x ; Then in 
the room of 6+ we ſhall have a ſum of numbers in Arith- 
metic Progreſſion to be Multiplyed by 6; in the room of 
6 tt we ſhall have a ſum of Squares whoſe Roots are in Arith- 
metic Progreſſion to be Multiplyed by 6; and in the room 
of 245 we ſhall have a ſum of Cubes whoſe Roots are in 
Arithmetic Progreſſion to be Multiplyed by 24 : Theſe ſeve- 
ral ſums being collected, according to the IId Remark on 


the XI:h Problem, will be found to be LPR 2, 
and therefore the whole Loſs of the Ponte will be 
em- Zu LSA. — 14. + 6pp+ 22 


Now this being the Loſs which the Ponte ſuſtains by adven- 
turing the ſum p, each Stake being ſuppoſed equal to Unity, 
it follows, that the Loſs per Cent of the Ponte, or the Gain per 


Cent of the Banker is _ ===" +51 +627" —=149pr6p +2 
er D 100, 


22 —5 þ— 6pp— 8p — 
oy” TEE ILY * 2 * Let 
now en be interpreted by 52, and p by 23; and the Gain of 
the Banker will be found to be 2.9925 1, that is 2 J. 19% 104. 
er Cent. | | | | | 
By the ſame Method of arguing, it will be found that the 
Gain per Cent of the Banker, at Baſſete, will be 5 


12 —9 . 4 - iN - 2 | 
XN 1X22 * n NU — INM —-2 Xx 1 —3 * 100. Let 2 be 


ep cf by 51 0d p by 255 andthe foregoing expreſſion 
S will 
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will become 0.790582, or 15% 9 d. half-penny. The conſi- 
deration of the firſt Stake, which is adventured before the 
Pack is turned, being here omitted as being out of the ge- 
neral Rule: But if that Caſe be taken in, and the Ponte ad- 
ventures 100. in 24 Stakes, the Gain of the Banker will be 
diminiſhed, and becomes only 0.76245, that is, 15 , 3 d. ve- 
ry near: And this is to be eſtimated, as the gain per Cent of 
Uk Banker when he takes but half Face. „ 

Now whether the Ponte takes one Card at a time or ſe- 
veral Cards, the Gain per Cent of the Banker continues the 
ſame: Whether the Ponte keeps conſtantly to the ſame Stake, 
or {ome times doubles or triples it, the Gain per Cent is ſtill 
the fame: Whether there be but one ſingle Ponte or ſeve- 
ral, his Gain per Cent is not thereby altered. Wherefore the 
Gain per Cent of the Banker of all the Money that is adven- 
tured at Pharaon is 2 l. 19% 10 d. and at Baſſete 15% 34. 


PROBLEM XXIV. 


* poſing A and B to play together, the Chances they have re- 
Y ſpeftively to win being as a to h, and B obliging himſelf to 
Set to A, ſo long as A wins without interruption : What is the 
Advantage that A gets by his Hand? 5 


SOLUTION. 
Irſt, If 4 and B each Stake One, the Gain of A on 
the firſt Game is Eo | | 
Secondly, His Gain on the ſecond Game will alſo be , 


provided he ſhould happen to win the firſt : But the Proba- 
bility of Ls winning the firſt Game is Er. Wherefore 


his Gain on the ſecond Game will be A x = 


Thirdly, His Gain on the third Game, after winning the two 


firſt, will be likewiſe =: But the Probability of £s winning 


the two firſt Games is wp 7 5 Wherefore his Gain on the 
| third 
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third Game, when it is eſtimated before the Play begins, 


. EEE ud... 4a—b 
. 


Fourth, Wherefore the Gain of the Hand of A is an in- 
finite Series, wh I + Hr 5 2 * =" + == &c. 
to be Multiplyed by Iz But the ſum of that infinite 
Series is 4 ; Wherefore the Gain of the Hand of 4 
„% a+ . a—=b 28 
Kun 

Corollary I. If A has the advantage of the Odds, and B 

Sets his Hand out, the Gain of 4 is the difference of the 
numbers expreſſing the Odds divided by the leſſer. Thus 
if 4 has the Odds of Five to Three, then his Gain will 
be 2 = —— bw 

_ Corollary II. If B has the Diſadvantage of the Odds, and 
A Sets his Hand out, the Loſs: of B will be the difference 
of the number expreſſing the Odds divided by the greater: 
Fhus if B has but Three to Five of the Game, his Loſs will 

Corollary. III. If A and B do mutually engage to Set to- 
one-another as long as either of them wins without inter- 
ruption, the Gain of 4 will be found to be =: That 


is the ſum of the numbers expreſſing the Odds Multiplyed 
by their difference, the product of that Multiplication being 
divided by the Product of the numbers expreſſing the Odds. 
Thus if the Odds were as Five to Three, the ſum of 5 and 
3 is 8, and the difference 2; Multiply 8 by 2, and the 
Product 16 being divided by 15 (Product of the number 
expreſſing the Odds) the Quotient will be , or 1, 
which therefore will be the Gain of 4. | 


PROBLEM XXV. 


A NT given number of Letters a, b, c, d, e, f Cc. all of them 
different, being taken promiſcuouſly, as it Happens: To find 
the Probability that ſome of them ſball be found in their places, 


according 
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according to the rank they obtain in the Alphabet ; and that others 
of them ſhall at the ſame time be found out of their places. 


SOLUT N. 


ET the number of all the Le ors be = »; let the num 
ber of thoſe that are to be in their places be = p, and 
the number of thoſe that are to be out of their places = 4. 


Suppoſe for Brevity ſake — r, —— , : 


nxn=-l HAD @INBE Tz 


3 = v Kc. then let all the Quantities 


1 r, nxn-= IXn—2Xn 3 
1, 7, 5, t, v &c. be written down with Signs alternately po- 
ſitive and negative, beginning at 1, if pbe = ©; at , if 
= Iz; at 8, if p= 2 &c. Prefix to theſe Quantities the re- 
ſpeQive Coefficients of a Binomial Power, whoſe Index is = 4: 
This being done, thoſe Quantities taken all together will ex- 
preſs the Probability required; thus the Probability that in 
Six Letters taken promiſcuouſly, two of them, viz. 4 and 4 
ſhall be in their places, and three of them, viz. c, d, e out of 
their places, will be 
OE 3 + 3 3 I PERS 7 
—_ x; x5X4*3 ' GOXfxeX3x2 .” 720 ® 
And the Probability that «ſhall be in its place, and 6, c, 
a, e out of their places, will be 
1 . 1 4 1 2 


— —-—-— 


6 — ox5 NN eee e eee 2 


The Probability that 4 ſhall be in its-place, and b, c, d, e, 
F out of their places, will be | 2» 


57 * r T 6X5 X 4K 3K 2 


I „„ II 
EXT Xa SIN aXx 720 or 180 


The Probability that 4 b, e, d, e, f ſhall be all diſplaced is, 


1 2 6 * 6X5 65 4 * 6X5 X43 GXSX 4K 3X 2 
2 8 IR as nas es Len — 
I GNXSN4AXZX Z X12 or — 1 ＋ 6 84 24 4440 
| LL ES a AH - | | 
720 720 "> Ld 


Hence 
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Hence it may be concluded that the Probability that one or 
more of them will be found in their places is 1 = ++ 
— +-=>— = ; and that the Odds that one 


or more of them will be ſo found are as 91 tO 53. 
N. B. So many Terms of this laſt Series are to be taken 


as there are Units in . ED 
DEMONSTRATION. 


THE number of Chances for the Letter 4 to be in the 
| firſt place contains the number of Chances, by which # 
being in the firſt place, 6 may be in the ſecond, or out of it: 
This is an Axiom of common Senſe, of the ſame degree of 
Evidence as that the Whole is equal to all its Parts. 
From this it follows, that if from the number of Chances 
that there are for 4 to be in the firſt place, there be ſub- 
ſtracted the number of Chances that there are for 4 to be in 
the firſt place, and b at the ſame time in the ſecond, there 
will remain the number of Chances, by which 4 being in the 
firſt place, 6 may be excluded the ſecond. 

For the ſame reaſon it follows, that if from the number 
of Chances that there are for 4 and 6 to be reſpectively in 
the firſt and ſecond places, there be ſubtracted the number 
of Chances by which a, 6 and c may be reſpectively in the 
firſt, ſecond and third places; there will remain the number 
of Chances by which 4 being in the firſt and & in the ſe- 
_ c may be excluded the third place: And ſo of the 
reſt. | 
Let -+ 4˙ denote the Probability that « ſhall be in the 
firſt place, and let — 4 denote the Probability of its being 
out of it. Likewiſe let the Probabilities that þ ſhall be in the 
—_— row or out of it be reſpectively expreſt by + 6“ 
and — “. _ 

Let the Probability that, « being in the firſt place, & ſhall 
be in the ſecond, be expreſt by a ＋ : Likewiſe let the Pro- 
bability that 2 being in the firſt place, & ſhall be excluded the 
ſecond, be expreſt by 4 — . | 
_ Generally. Let the Probability there is, that as many as are 
to be in their proper places, ſhall be fo, and at the ſame time 
that as many others-as are to be our of their-proper 3 
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ſhall be fo found, be denoted by the particular Probabilities 


of their being in their 1 places, or out of them, written 
all to ether: 80 that Or Inſtance 4 + * +4 Food 91 1 wed 


— 


may denote the Probability that a, b and c ſhall be in their 


proper places, and that at the ſame time hath 4 and e ſhall 
e excluded their proper places. 


Now to be able to derive a proper concluſion by vertue of 


this Notation, it is to be obferved, that of the Quaatities 
which are here conſidered, thoſe from which the Subtraction 
is to be made, are indiflerently compoſed of any number of 


Terms connected by -+ and —; the Quantities which are to 


be fubtrated do exceed by one Term thoſe from which the 
fubtraQion is to be made; the reſt of the Terms being alike 
and their ſigns alike: And the remainder will contain all the 


Quantities that are alike with their own figns, and alfo the 


Quantity Exceeding, but with its fign varied. 


It having been demonſtrated in what we have ſaid of 
Permutations and Combinations, that 4 = =, I + #” 


> a" + 4. * 6 A 7 let — = 
be reſpeQively called , s, ;, v &c. This being ſuppoſed, we 
may come to the following concluſions. 5 


* =” 
UH +a=s 


Therefore b'—a' = r—s 


Na WV = for the fame redfon that a" + „ = 5 


CC" +} Ta“ = t 
2 Theref, "+ — 44 -t 


. By the firſt Concluſion. 
c -a + 5 = s—t By the 2d, OS 


— U— — 


3 Theref. Ca — I = y — s+t 
EAR FH 


+ v. 


N 
"fo 


by 

Ws” 

1 
RED? 


2 
dS 
MF 

8 * 
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An — 4 2 — 25 ＋ t By the 3d. Conc. 
dA = Y - C“ 2 t+o 57 the 5th, 


— SIE. 


to be in its place, the Probability that ſuch of them as are 
aſſigned may be out of their places will likewiſe be found 
thus. 


80 Theref. —.— V — 1 =1— 3 6 


Now examining carefully all the foregoing Concluſions, it 
will be perceived, that when the Queſtion runs barely upon 
that any other fhould be in its place, but leaving it wholly 


on the right hand of rhe Equations, begin conſtantly with 


and that when two Letters are aſſigned to be in their places, 


theſe Quantities change their ſigns alternately, and that the 


of Letters which are to be diſplaced. 

_ " "PROBLE M xvi 
A NY given number of diffrent Lanes a, b, c, d, & f G 
ſome of thoſe Sorts, ſome one Letter of each may be found in its 


proper place, and at the ſame: time that of ſame other Sarts,.n0 one 
Letter be found in its place. 


the diſplacing _ given number of Letters without requiring 


Numerical Coefficients. which are prefixt to them are thoſe. 
of a Binomial Power, whoſe Index is equal to the number 


SOLU 


By the ſame proceſs, if no Letter be particularly aſſigned 


=1—r For Hani o together make 


— 


tf = "Pons. [ Uniy. 
7% Theref. . e Tr —2r+s 85 
| cs gf bf 2 1— 2174 i | By the 7th. Conc. | 
—427— * ＋ 5 1— 25 ＋ . By the 34. Conc. ; 


* 


— 


indifferent, then the vulgar Algebraic Quantities which he 


Unity: It will alſo be perceived, that when one ſingle Letter 
is aſſigned to be in its place, then thoſe Quantities begin with r; 


they begin with 5s, and ſo on. Moreover *tis obvious, that 


1 


being each of them repeated a certain number of times, and 


taken promiſcuvuſly as it Happens: To find the Probability that of 
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* 80 LU TI ON. 

Ouppoſe » be the number of all the Letters, / the number 
8 of times that each Letter is repeated, and conſequently 
the number of: Sorts: Suppoſe alſo that p be the num- 
ber of Sorts that are to have one Letter of each in its place; 
and 9 the number of Sorts of which no one Letter is to be 
found in its place. Let now the preſcriptions given in the 
preceding Problem be followed in all re 

muſt here be made = , S , e. 


and the Solution of any particular Caſe of the Problem will 


be obtained. | | 
Thus if jt were required to find the Probability that no Let- 


ter of any ſort ſhall be in its place, the Probability thereof 
would be f 


I—=Jr+ XA X= X 1 t &c. 


ſpects, ſaying that r 


But in this particular Caſe q would be equal to — 
wherefore the foregoing Series might be changed into this, 


Viz 


E. 8 . a—=Ixa—21 T „ n—Ixn—21xn—31 
2 »—1I .6 n—IX3=2> 24 1 - I XA - 2K 123 
&c. | | 


Corollary T. From hence it follows, that the Probability that 

one or more Letters indeterminately taken may be in their 

places will be TT | 

oy 22 T — . n—Ixn—z21xn—31 
| 6 #—LXgz==2_ 24 SIX —=alkz—=3 


&c. | | 
Corollary II. The Probability that two or more Letters 
indeterminately taken may be in their places will be expreſt 
as follows, | > ES 29 — 


—ͤ—[ä , 
ECL 
— ͥ U—ͤ—ũ— * —— 


1 n — 2 na—2l 2 n 
— —— — — — 8 5 — 2 — 5 
NFZ N 12 A TRX B — 75 X 3=, C 


+ 5x 3 Dec. 
— Corollary III. The Probability that three or more Letters 
| 1 taken may be in their places will be as fol- 
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2 »—lIxn—2l 3 18 may ON 
6 „ 1X1 4 ” GY At 2X5 8 * 4 B 


1— 581 | 6 n—6! 
— π⏑ 5 Ct pip ng Dc. 


. Corollary IV. The Probability that four or more Letters, 
indeterminately taken, may be in their places will be thus 


exprelt, : — 
1 „ . , , -! „ 
24 * 1 — 1 » Y=—Y a W-=z 5 1X5 1 2774 AT 2x6 © 5 


| 6 'n—6l 
e 

The Law of the continuation of theſe Series being mani- 
feſt, it will be eaſy to reduce them all to one general Se- 
TIES. 

From what we have faid it follows, that in a common Pack 
of 52 Cards, the Probability that one of the four Aces may 
be in the firſt place; one of the four Duces in the ſecond ; 
or one of the four Traes in the third; or that ſome one of 
any other ſort may be in its place (making 23 different places 

in all) will be expreſt by the Series exhibited in the fir 
Corollary. gs 

It follows likewiſe, that if there be two Packs of Cards, 

and that the Order of the Cards in one of the Packs be the 
Rule whereby to eſtimate the rank which the Cards of the 
ſame Suite and Name are to obtain in the other; the Pro- 
bability that one Card or more, in one of the Packs, may be 
found in the ſame Poſition as the like Card in the other Pack, 
will be expreſt by the Series belonging to the firſt Corol- 
lary, making » = 52 and { = x: Which Series will in this 
Caſe be 1 — — + -— — + 5-— 55 &c. whereof 
52 Terms ought to be taken. 5 | 

If the Terms of the foregoing Ser ies. are joined by couples, 

the Series will become, | | 
I I 1 1 | I 
2» 2X4 © 2x3x4x6 Y 2X384*5x6x8 * 2 3 TN Y N 6X Tx&x10 
& c. of which 26 Terms ought to be taken. 
But by reaſon of the great Convergency of the aforeſaill 
. Series, a few of its Terms will give a ſufficient approxima- 
| S: 0 tion 
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tion in all Caſes required ; as appears by the following Ope- 
ration, | 


— = 0.500000 


2 


3 OR, 


I 1 . 
"x77 . 006944 * 


e O. O0 0174 rr 
* © | | | 
eee = 0000002 


— >. —_—_—_ 


] 8 


— 


Sum = 0.63212 9+ 


_—_— 


— 1 
. 


Wherefore the Probability that one or more like Cards in 
two different Packs may obtain the ſame Poſition, will be in 
all Caſes very near 0.632; and the Odds that rhis will Hap- 
pen once or oftner, as 632 to 368, or as 12 to 7 very 
near. : 
But the Odds that two or more like Cards in two diffe- 
rent Packs wilt not obtain rhe ſame Poſition, are very nearly 
as 736 to 264 Or 14 to 5. | | 
Corollary V. If A and B, each holding a Pack of Cards, 
pull them out at the ſame time one after another, on con- 
dition that every time two like Cards are pulled out, 4 ſhall 
ive B a Guinea; and it were required to find what conſi- 
an B ought to give A to Play on thoſe terms: The 
Anſwer will be, One Guinea, let the number of Cards be what 
it will. 2 : 
Corollary VI. If the number of Packs be given, the Proba- 
bility that any given number of circumftances may Happen 
in them all, or in any of them, will be found eaſily by our 
method. Thus, if the number of the Packs be &, the Proba- 
bility that one Card or more of the ſame Sute and Name, in 
every one of the Packs, may be in the ſame Poſition, will be 
expreſt as follows. | 


1 1 i. 
1 — 


i 1 + 5 * mo : ; 
—_— FEY _ NO nd EN Rn a 1 — — . — = 
5 5 zzü A= N N 61n 111112 2 247 TTA IIA -N - 


* . ; ; | PR 0. 5 
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PROBLEM XXVI. 


F A and B play together, each with a certain number of Bowls 
Þt =»: What are their reſpective Probabilities of winning, 
ſuppoſing that each of them want a certain number of Games of 


being up ? | 
SOLUTION. 


rf, the Probability that ſome Bowl of B may be nea- 
rer the Jack than any Bowl of A is — 


Secondly, Suppoſing one of his Bowls nearer the en than 
any Bowl of A, the number of his remaining Bowls is 2 — 1, 
and the number of all the Bowls remaining between them 
is 2#—1: Wherefore the Probability that ſome other of 
his Bowls may be nearer the Jack than any Bowl of 4 will 

e £—, from whence it follows, that the Probability of his 


winning two Bowls or more is * == 


Thirdly, Suppoſing two of his Bowls nearer the Jack than 
any Bowl of A, the Probability that ſome other of his 
Bowls may be nearer the Jack than any Bowl of 4 will 
be ==, Wherefore the Probability of winning three 


Bowls or more is -—x x ==: The continuation: 


of which proceſs is manifelt. 3 
Foarthly, The Probability that one ſingle Bowl of B ſhall 
be nearer the Jack than any Bowl of 4 is + — x = 


28 — 19 


or -; For, if from the Probability that one or 


2 n 


more of his Bowls may be nearer the Jack than any Bowl 
of A, there be ſubtracted the Probability that two or more 
may be nearer, there remains the Probability of one ſingle 
Bowl of B being nearer : In this Caſe B is ſaid to Win 
one Bowl at an End. | 
Fifthly, The Probability that two Bowls of B, and not 
more, may be nearer the Jack than any Bowl of 4, will 
be found to be - R=, in which Caſe B is ſaid 


to win two Bowls at an End. 


Sixehly, 
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Sixthly, The Probability that B may win three Bowls at 


n 7 n —- -_ n 
an End will be found to be = 


The proceſs whereof is manifeſt. oh £ 
The Reader may obſerve, that the foregoing Expreſſions 


might be reduced to fewer Terms; but leaving them 
-unreduced, the Law of the proceſs is thereby made more 


conſpicuous. 


Let it carefully be obſerv'd, when we mention henceforth 


the Probability of winning two Bewls, .that the Senſe of it 


-ought to be extended to two Bowls or more; and that when 


we mention the winning two Bowls at an End, it ought to 
be taken in the common acceptation of two Bowls only: 
The like being to be obferved in other Caſes. 

This Preparation being made; ſuppoſe, Firſt, that A wants 
one Game of being up, and B two; and let it be required, 
in that circumſtance, to determine their Probabilities of win- 
nin 5 
| = the whole Stake between them be ſuppoſed = 1. Then 
either A may win a Bowl, or B win one Bowl at an End, 
or B may win two Bowls. | 
In the firſt Caſe B loſes his Expectation. 


In the fecond Caſe he becomes intitled to = of the Stake. 


But the Probability of this Caſe is — x : wherefore his 


2 


Expectation ariſing from that part of the Stake he will be 


intitled to, if this Caſe ſhould Happen, and from the Proba- 


Dility of its Happening, will be — * r. 

In the third Caſe B wins the whole Stake 1. But the Pro- 
bability of this Caſe is - 2—= : wherefore the Expecta- 
tion of B upon that account is „ 2 | 


27 — 1 | 


From this it follows that the whole ExpeQation of B is 


* r r* 2 or —-» — --” 03734; Which 
3%, 1 4 Y 211 

being ſubtracted from Unity, the remainder will be the Ex- 

Peckation of A, viz. g. It may therefore be concluded, 

that thejPrababilities which 4 and B have of winning are 
ceſpettively as n 2 to 33-2: 

Lis remarkable, that the fewer the Bowls are, the grea- 

ter is the proportion of the Odds; for if A and B — 

| = ingle 


- 
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fingle Bowls, the proportion will be as 3 to 1; if they play 


with two Bowls each, the proportion will be as 2 to x; if 
with three Bowls each, the proportion will be as 13 to 7: 
vet let the number of Bowls be never fo great, that proportion 
will not deſcend ſo low as 5 to 3. 


Secondly, Suppoſe A wants one Game of being up, and B 


three; then either A may win a Bowl, or B win one Bowl 
at an End, or two Bowls at an End, or three Bow ls. 
In the firſt Caſe B loſes his Expectation. 

If the ſecond Caſe Happens, then B will be in the circum- 
ſtance of wanting but two to A's one; in which Caſe his 
Expectation will be 3, as it has been before determined: 
but the Probability that this Caſe may Happen is * —* 


» 
2121 7 


wherefore the Expectation of B, ariſing from the proſpect of 


this Caſe, will be =* ==. 

If the third Caſe Happen, then B will be intitled to 
one half of the Stake: but the Probability of its Happening 
is = ; Wherefore the ExpeQation of B ari- 


ſing from the Froſpect of this Caſe is = * = x7 


1 


If the fourth Caſe Happen, then B wins the whole Stake 1: 


but the Probability of its Happening is & = X 
or — z Wherefore the Expectation of Bariſing from 


2n - 4 


the proſpect of this Caſe will be found to be — x, => 


From this it follows, that the whole Expectation of 8 
will be ; which being ſubtracted from Unity, 


82 by 
the remainder will be the Expectation of A, vi. . 


8X2 — 


It may therefore be concluded, that the Probabilities which 4 


and B have of winning are reſpeQively as 2332 — 19244 
to 921 — 132 C4. 5 | | 
N. B. If A and B play only with One Bowl each, the 
ExpeQation of B deduced from -the foregoing Theorem 
would be found = o. which-we know from other principles 
ought to be =. The reaſon of which is that the Caſe of 


winning 'Two Bowls at an End, and the Caſe of winning 
z p © l Three 


2n—1 TEES)! 


— Pr 


70 The DocrxIxE of Cuances 
Three Bowls at an End, enter this concluſion, which Caſes 


do not belong to the ſuppoſition of playing with ſingle Bowls : 
wherefore excluding thoſe two Caſes, the Expectation of B 


will be found to be X = x === —>, which will 


appear if » be made = 1. Yet the ExpeQation of B, in the 
Caſe of two Bowls, would be rightly determined, tho? the 
Caſe of winning Three Bowls at an End enters it: The rea- 
{on of which is, that the Probability of winning Three Bowls 


at an End is =, - X =>, which in the Caſe of Two 


2 N 


Bowls becomes o, ſo that the general Expreſſion is not 


thereby diſturbed. 


After what we have faid, it will be eaſy to extend this 


way of Reaſoning to any circumſtance of Games wanting 


between A and B; by making the Solution of each ſimpler 
Caſe ſubſervient to the Solution of that which is immediately 


more compound. | - TY 

Having given formerly the Solution of this Problem, pro- 
poſed to me by the Honourable Frances Robarts, in the Philo- 
ſophical Tranſactions Number 339; I there ſaid, by way of 
Corollary, that if the proportion of Skill in the Gameſters 
were given, the Problem might alſo be Solved ; ſince which 
time Mr de Monmort, in the ſecond Edition of a Book b 

him Publiſhed upon the ſubjectof Chance, has thought it wort] 

his while to Solve this Problem as it is extended to the con- 
ſideration of the Skill, and to carry his Solution to a very 
great number of Caſes, giving alſo a Method by which it 


may ſtill be carried farther: I very willingly acknowledge 


his Solution to be extreamly good, and own that he has in 


this, as well as in a great many other things, ſhewn himſelf 


entirely maſter of the doctrine of Combinations, which he 
has employed with very great Induſtry and Sagacity. 

The Solution of this Problem, as it is reſtrained to an e- 
quality of Skill, was in my Specimen deduced from the Me- 


thod of Combinations; but the Solution which is given of 


it in this place, is deduced from a Principle which has more of 

ſimplicity in it, being that by the help of which I have De- 

monſtrated the Doctrine of Permutations and Combinations: 

Wherefore to make it as familiar as poſſible, and to ſhew 

its vaſt extent, I ſhall now apply it to the general 9 
| 0 


— 

5 
25 
7 
I 
& 
25 


PP 


I call Skill: viz, That it is the proportion of Chances which 
the Gameſters may be ſuppoſed to have for winning a ſin- 


that the ſum of all his Chances is 29; and for the ſame rea- 


whence it follows, that the Probability which B has of win- 
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of this Problem, taking in the conſideration of the Skill of the  - 


Gameſters. | | 
But before I proceed I think it neceſſary to define what 


gle Game with one Bowl each. 
PROBLEM XXVII. 
'F A and B, whoſe proportion of Skill is as a to b, play to- 
gether, each with a certain number of Bowls : What are their 


reſpective - Probabilities of winning, ſuppoſing each of them to want 
4 — number of Games of — ap? 


SOLUTION: 


Irft, The Chance of B for winning one ſingle Bowl be- 
ing ö, and the number of his Bowls being », it follows 


» — n—__ 1 — _ — — — — » 3 — — 
— — 


ſon the ſum of all the Chances of A is 24: wherefore the 
ſum of all the Chances for winning one Bowl or more is 
za ub; which for brevity ſake we may call . From 


ning one Bowl or more is L. | 1 

Secondly, Suppoſing one of his Bowls nearer the Jack than 
any of the Bowls of 4, the number of his remaining Chan- 
ces is + — 1x6; and the number of Chances remaining be- 
tween them is 5 —b: wherefore the Probability that ſome 
other of his Bowls may be nearer the Jack than any Bowl 


of 4 will be =: From whence it follows, that the Pro- 
bability of his winning Two Bowls or more 1s — 


75 


— — 


Thirdly, Suppoſing Two of his Bowls nearer the Jack than 
any of the Bowls of 4, the number of his remaining Chan- . 
ces is #»—2 xb ; and the number of Chances remaining be- 
tween them is s —2 6b; wherefore the Probability that ſome 
other of his Bowls may be nearer the Jack than any Bowl 


of 4 will be ===, From whence it follows, that the 
Proba- 


b 
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Probability of his winning Three Bowls or more is —— * 
2 — 3 the continuation of which proceſs is 
manifeſt. 3 

Foarthly, If from the Probability which B has of winning 
One Bowl or more, there be ſubtracted the Probability which 
he has of winning Two or more, there will remain the Pro- 
bability of his winning One Bowl at an End: Which there- 
| #b _ #— 1X6 — 


. | 1.0 "RY 15 
fore will be found to be 3 wy * | i —b . | 


Fifthly, For the ſame reaſon as above, the Probability which 
B has of winning TWO Bowls at an End will be found to 
be =x >= x EET, ED 

Sixthiy, And for the ſame reaſon likewiſe, the Probability 
Avhich B has of winning Three Bowls at an End will be 
found to be ELKE x — * The con- 
tinuation of which proceſs is-manifeſt. 3 = 
VN. B. The fame Expectations which denote the Probabi- 
5e of any circumſtance of B, will denote likewiſe the Pro- 
bability of the like circumſtance of 4, only changing 6 into « 
and 4 into 5. Og : we 

Theſe” Things being premiſed, Suppoſe Firſt, that each of 
them wants one Game of being up; tis plain that the Expecta- 
tions of 4 and. are refpeQively <= and . Let this Ex- 
peftation of B be called P. 5 

Secondiy, Suppoſe 4 wants One Game of being up and. B 
Two, and let the Expectation of B be required: Then either 
A may win a Bowl, or Bwin One Bowl at an End, or 3 
win T wo Bowls. | | 

If the firſt Caſe Happens, B loſes his ExpeQation. 

If the ſecond Happens, he gets the Expectation P; but the 


Probability of this Caſe is = x <*: wherefore the Ex- 
pedtation of B ariſing from the poſſibility that it may ſo Hap- 


pen is x * P. 


1 
9 


"Tf 
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fk the third Caſe Happens, he gets the whole Stake 1; but 


the Probability of this Caſe is =, wherefore the 


ExpeQation of B ariſing from the Probability of this Caſe 


1 * * 721 X Te 


From which it follows that the whole Expetation of. B 
will be LX —- Þ + «=. Let this Expectation 
be called SW. 

Thirdly, Suppoſe 4 to want One Game of being up, and B 
Three. Then either B may win One Bowl at an End, in which 
| Caſe he gets the Expectation Q; or Two Bowls at an End, 


in which Caſe he gets the Expectation P; or Three Bowls 
in which Caſe he gets the whole Stake 1. Wherefore the 


Expectation of B will be found to be == « f 


r 0 ESE, 

An infinite number of theſe Theorems may be formed in 
the ſame manner, which may be continued by inſpeQion, ha- 
ying well obſerved how each of them is deduced from the 
preceding. | | 

If the number of Bowls were unequal, fo that 4 had mz 
Bowls and B u Bowls; Suppoſing m4 + , other Theo- 
rems might be found to anſwer that inequality: And if that 
inequality ſhould not be conſtant, but vary at pleaſure; c- 
ther Theorems might alſo be formed to anſwer that Varia- 
tion of inequality, by following the ſame way of arguing. 
And if Three or more Gameſters were to play together un- 
der any circumſtance of Games wanting, and of any given 
proportion of Skill, their Probabilities of winning might be 
determined after the ſame manner. 


PROBLEM XXIX. 


= I O find the Expect ation of A when with a Die of any gi- 
1 wen number of Faces he undertakes to fling any determi- 
nate number of them in any given number of Caſts. 
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SOLUTI1ON: 


LET p+ 1 be the number of all the Faces in the Die, 
z the number of Caſts, F the number of Faces which 
he undertakes to fling. | 


The number of Chances for an Ace to come up once or 
more in any number of Caſts z, is PI — :. As has 
been proved in the Introduction. | | 

Let the Duce, by thought, be expunged out of the Die, and 
thereby the number of its Faces reduced to p, then the num- 
ber of Chances for the Ace to come up will at the ſame time 
be reduced to . pi Let now the Duce be reſtored, 
and the number of Chances for the Ace to come up without 
the Duce, will be the ſame as if the Duce were expunged. 
But if from the number of Chances for the Ace to come up- 
with or without the Duce, viz. from p+ 1" — p® be ſubtracted 
the number of Chances for the Ace to come up without the 
Duce, vis. pn — p-, there will remain the number of 
Chances for the Ace and Duce to come up once or more,. 
which conſequently will be pT — 2 xp" + p=1". 

By the ſame way of arguing it will be proved, that thes 
number of Chances for the Ace and Duce to come up 
without the Trae will be p"—2 x p—1" + -=, and con- 
ſequently, that the number of Chances for the Ace, the Duce 
and Trae to come up once or more, will be the difference 
between pFI"— 2 x Þ +p—1 and p” 2 xp=1” + p=2;. 
which therefore is p PI — 3xp* + 3 * p +p—2. 

Again it may be proved that the.number of Chances: for 
the Ace, the Duce, the Trae and Quater to come up, 1s: 
pHI"—4xp" + 6xp=1”—4xp—2" + p—3”; the conti- 
nuation of which Proceſs is maniteſt. 

Wherefore if all the Powers p PI“, p", p I, p—2",p—3* 
&c. with the Signs alternately Poſitive and Negative, be 
written in Order, and to thoſe Powers there be prefixt the re- 
ſpective Coefficients of a Binomial raiſed to the Power 7; the 
ſum of all thoſe Terms will be the Numerator of the Ex- 
pectation of 4, of which the Denominator will be p I“. 


EXAM- 
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EXAMPLE I. 
ET Six be the number of Faces in the Die, and let 
A undertake in Eight Caſts to fling both an Ace and 


. d " $ — „ 8 
a Duce: Then his Expectation will be 
964502_ | . 
1680216. 


= 12 nearly. 


EXAMPLE II. 


T* A undertake with a common Die to fling all the 
Faces in 12 Caſts, his Expettation will be found to he 


62 —ł6 * 524 1 EX 4 — 20 X r 78 +. 15 7 2 1 G X 1 12 3 10 


nearly. | 
EXAMPLE III. 


FE A with a Die of 36 Faces undertake to fling two given 
1 Faces in 43 Caſts; or, which is the ſame thing, if with 
two common Dice he undertake in 43 Caſts to fling Two 
Aces at one time, and Two Sixes at another time, his Ex-- 
pectation will be * 3342 — —— nearly. 

N. B. The parts of which theſe Expectations are com- 
pounded, are eaſily obtained by the help of a Table of Lo- 

garithms. | | 


PROBLEM: XXX. 


T O find in how many Trials it will be probable that A with 
a Die of any given number of Faces ſhall throw any 


propoſed number of them. 
: 8.0 U 

1 ET pi be the number of Faces in the Die, and f 
_, the number of Faces which are to be thrown. Divide 


the Logarithm of — by the Logarithm of SEL, and. 
12 | 
: | the 
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the Quotient will expreſs nearly the number of Trials requi- 


ſite, to make it as probable that the propoſed Faces may be 
thrown as not. 


DEMONSTRATION. 


Uppoſe Six to be the number of Faces which are to be 
8 thrown, and the number of Trials: Then by what has 
been demonſtrated in the preceding Problem, the ExpeCta- 
tion of 4 will b, 


Fn 60xp"+1$Xpp2"—20% e EN. 
| pit 


Let it be ſuppoſed that the Terms p CI, p, p—1, p—2 &c. 
are in Geometric Progreſſion ( which ſuppoſition will 
very little err from the truth, eſpecially if the propor- 
tion of p to 1 be not very ſmall). Let now » be writ- 


ten inſtead of Lt, and then the ExpeQation of 4 will be 


. 6 15 3 15 5 8 
changed into x — 7 * __ 72 ＋ ＋ n 8 8 an T T7 


6 
& x — . But this Expectation of 4 ought to be made 


x * 


equal to , ſince by ſuppoſition he has an equal Chance to 
win or loſe: Hence will ariſe the Equation * 


3 2 

ory" = , from which it may be concluded that 

nx Log. r, or ax Log. 2 — Log. — al conſequent- 
| | 1 


6 7 
— 


ly that » is equal to the Logarithm of — Tr divided by the 
1 V 

Logarithm of ＋ = D And the ſame Demonſtration will 

hold in any other Cale. . 


EXAMPLE I. 


TO find in how many Trials 4 may with equal Chance 
undertake to throw all the Faces of a common Die. 


The 
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The Logarithm of Ws = 0.9621753; the Loga- 


] 


rithm of —_ or —— = 0.0791 312: Wherefore » 


„ 1 | 
= 75 = 12+, From hence it may be concluded 


that in 12 Caſts A has the worſt of the Lay, and in 13 
the beſt of it. 


EXAMPLE IL 


O find in how many Trials, 4 may with equal Chance, 

1 with a Die of Thirty-ſix Faces, undertake to throw 

Six determinate Faces; or, in how many Trials he may with 

5 Pair of common Dice undertake to throw all the Dou- 
blets. 


The Logarithm of LY being 0.962175 3, and the 
| nn - 


Logarithm of 242 or .— being o. o 1 22345; it follows 
that the number of Caſts requiſite to that eſſect is — — 0 3 £ 
or 79 nearly. | 


Bur if ir were the Law of the Play, that the Doublets 
muſt be thrown in a given Order, and that any Doublet 
Happening to be thrown out of its turn ſhould go for no- 
thing; then the throwing of the Six Doublets would be like 
the throwing of the two Aces Six times; to produce which 
effect the number of Caſts requiſite would be found by Mul- 
tiplying 35 by 5.668, as appears from our VII. Problem, 


and conſequently would be about 198. 


f, 
N. B. the Fraction 1 may be reduced to - 22 
(PE So | M2 21 


which will Facilitate the taking of its Logarithm. 


PROBLEM XXXI. 


F A, B, C Play together on the following conditions ; Firſt, that 
they ſhall each of them Stake 1 l. Secondly, that A and B ſhall 
begin the Play ; Thirdly, that the Loſer ſhall yield his place to the 


third Man, which is to be obſerved conſtantly afterwards ; Fourthly, 
X that 


—ͤ——— — — — ': EI_—S 
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that the Loſer ſhall be fined 4 certain Sum p, which is to 
ſerve to increaſe the common Stock; Laſtly, that he fhall Win the 
whole Sum depoſited at firſt, and — by the ſeveral Fines, 
who ſhall firſt beat the other two ſucceſſively: *Tis demanded 
what is the Advantage of A and B, whom we ſuppoſe to begin 
the P lay. | - | = | 


SOLUTION 


L Et BA ſigniſie that B beats 4, and 4 C that A beats C; 
and let always the firſt Letter denote the Winner, and 
the ſecond the Loſer. . = 
Let us ſuppoſe that B beats A the firſt time: Then let us 
Inquire what the Probability is that the Set ſhall be ended 
in any given number of Games; and alſo what is the Proba- 
bility which each Gameſter has of winning the Set in that 
given number of Games. 
Firſt, If the Set be ended in two Games, B muſt neceſſa- 
rily be the winner; for by Hypothefis he wins the firſt time : 
Which may be expreſſed as follows. 


5 PLS 
BC 


2 


Secondly, If the Set be ended in Three Games, C muſt be 
the winner; as appears by the following Scheme. 1 


11 BA 
2 CB 
31 C4 


Thirdly, If the Set be ended in Four Games, 4 muſt be 
the winner; as appears by this Scheme. 


11 BA 
2 CB 
3] 40 
41 4B 


Foarthly, If the Set be ended in Five Games, B muſt be 
2134 


the winner; which is thus expreſſed, 


TT lines 


x | BA. 
2 CB 
3}: FE 
4 BA 
5 BC 


Fifthh, If the Set be ended in Six Games, c muſt be the 
2 as will appear by ſtill following the ſame Proceſs, 
thus, | 
TX 1 B4 
"EM 
AC 
BA 
CB 
"CA; 


G 2e 


And this Proceſs recurring continually in the ſame Order 
needs not be proſecuted any farther. | 

Now the Probability that the firſt Scheme ſhall take place 
is =, in conſequence of the ſuppoſition that B beats A the 
firſt time; it being an equal Chance whether B beat C, or 
C beat 4. ED 32 

And the Probability that the ſecond Scheme ſhall take place 

is : For the Probability of C beating B is , and that 
being ſuppoſed, the Probability of his beating 4 will alſo 
be ; wherefore the Probability of B beating C, and then 4, 
will be x — or — 

And from the ſame conſiderations the Probability that the 
Third Scheme ſhall take place is -=: and fo on. 


Hence it will be eaſie to compoſe a Table of the Proba- 
bilities which B, C, 4 have of winning the Set in any given 
number of Games; and alſo of their Expectations: Which 
ExpeCtations are the Probabilities of winning Multiplyed by 
the Stock Three depoſited at firſt, and increaſed ſucceſſively 
by the ſeveral Ein 7 | 5 


TABLE 
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TABLE of the Probabilities, &c. 
5 „ A 


2 15—*3t2p | +- + + + » „ RR 
Bi +. 6 + 0 F 3 3 © 5 
4 ns = |» + » ©. * 314 
5 Hex 3757 „ „ 
r 
FT ala a+} - < + +: A 3777 
8 
3 
IO 
11 
c. 


— N 3+ op OD BE „  @'-—0:- 0 
„ * [255 * 3 1 97 $0: <4 S 
„ 333 a0.» gr * 3 ＋ 10% 
n 29 © @ ® 3% „ % 


I 


- &þ 


Now the ſeveral 138388 of 5 4 may be um. 
med up by the allowing Lemma. 


LE M M A. 
+ &tC4 24 4 2434 + + 244d Sc. Ad infinitum 


is 3 WIE" + = . 


Let the -— of B be divided i into two Series, Viz, 


—_— — &c. 
: 7 I1p 
* 22 1 + mn 1024 KI 


The firſt Series conſtitutes a Geometric Progreſſion con- 
tinually decreaſing, whoſe ſum will be found to be 22 —.— 


The ſecond Series may be reduced to the form of the Se- 


ries in our Lemma, and may be thus expreſt, 


Þ 
* 
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7 2 - 8 1 
* TI —- + r + &. Wherefore 


dividing the whole by , and layingaſidethe Term 2, we 
ſhall have the Series —— + — — + Jr + 75+» &c. which 
has the ſame form as the Series of the Lemma, and may be 
compared with it: Let therefore x be made = 5,d z and 
5 8, and the ſum of this Series will be = 4 , or 
= z; to this adding the firſt Term 2, which had been laid 
aſide, the new ſum will be ==, and that being Multi- 

plied by , the Product will be — b which is the ſum 
of the ſecond Series expreſſing the Expectations of B: From 


hence it may be concluded, that all the ExpeQations of B 
contained in both the abovementioned Series will be equal 


And by the help of the foregoing Lemma it will be 
found likewiſe that all the Expectations of C will be equal 
| 6_ 0" ; 
wo, TI oe. 

It will alfo be found that all the Expectations of 4 will 
be == + +, f 

| Hitherto we have determined the ſeveral ExpeQations of 
the Gameſters, upon the ſum by them depoſited at firſt, as 
alſo upon the Fines by which the common Stock is increa- 
ſed : It remains now to Eſtimate the ſeveral Risks of their 
being Fined ; that is to ſay, the ſum of the Probabilities of 
their being Fined multiplyed by the reſpective Quantities of 
the Fine. | | —— | 

Now after the ſuppoſition made of 4 being beat the firſt 
time, by which he is obliged to lay down his Fine p, B and C 
have an equal Chance of being Fined after the ſecond Game, 
which mikey the Risk of each to be = -, as appears 
y the following Scheme. | | 


B4 _ BY 
CH * 
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In the like manner, it will be found that both C and 4 
have one Chance in four for their _ Fined after the 
Third Game, and conſequently that the Risk of each is -g, 


| according to the following Scheme. 


4 BA 
"CB or CB 
AC CA 


And by the like Proceſs it will be found that the Risk of 
B and C 7 er the fourth Game is = P. 


Hence it will be eaſie to compole the be following Table which 
expreſſes the Risks of each Gameſter. 


TABLE RISHS. 


e 83 
* * — ——— 1 — —ä—ä 
214 —Þ | — | — 2 4 
3 +» org — * (| 
4| +p |------| +p | 
5 is P 1 P | 
Wo an=—-; 41: + | 
7 P eee 7 
. 
2 3 1 1 
=_ P | 1 P 


In the Column belonging to B, if the vacant places were 
filled up, and the Terms 4 p, p, - = were 


Interpoled, the Sum of the Risks of B would compoſe one 
uninterrupted Geometric Progreſſion, whoſe Sum would be 
p; But the Terms interpoled conſtitute a Geometric Pro- 

greſſion whole Sum is = == p: Wherefore, i if from p there 


be ſubtrated -2- p, there will remain ? for the Sum of 
the Risks of B. 


In like manner it will be ſound that the Sum of the Risks 
"of c will be = .. And 
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And the Sum of the Risks of A, after his being Fined the firſt 
time, will be = 5. 


Now if from the ſeveral E atious of the Gameſters 
there be ſubtracted each Man's Stake, as alſo the Sum of his 


Risks, there will remain the clear Gain or Loſs of each of 
them. 


Wherefore, from the ExpeQations of B = - 4. = ——p 


Subtracting fr/# his Stake SES. 
Then the Sum of his Risks „ 2 


There remains the clear Gain of B EY +- 


_— 
— — — 
— — — — —-—_— 


Lee TT. ee —_— 


Likewiſe, from the Expectations of C = —— 2 —p 
Subtracting fr/# his Stake —_— by 
Then the Sum of his Risks = — 


There remains the clear Gain of C (= — DE hd 


he ——— ——— 
—gBLB 


In like manner, from the Expectation of 4 = _3. ,p. x! 
Subtracting, Firſt, his Stake _ +3 
Secondly, the Sum of his Risks Ep 
Laſth, the Eine p due to nad] tos | 
Stock by the Loſs of the firſt Game 8 
There remains the clear Gain of 4 = — ED EW: =p . 


JJ ͤœUi;j 5 


But we have — in oats beginning of the Game that 

A was beat; whereas 4 had the ſame Chance to beat B, as B 
had to beat him: Wherefore dividing the Sum of the Gains | 
of Band A into two equal Parts, each part will be LD. 


29 


Which — muſt be reputed to be as the Gain of each x 
of them. | 
Corollary T. The Gain of C being — — — p, Let 
that be made = o. Thea p will be found = —-. "If there- 
fore the Fine has the ſame proportion to each Man s Stake 
as 7 has to 6, the Gameſters play all upon equal Terms: 
But i the Fine bears a leſs proportion to the Stake than 7 

to 
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In the like manner, it will be found that both C and 4 
have one Chance in four for their being Fined after the 
Third Game, and conſequently that the Risk of each is -p, 
according to the following Scheme. 

BA 4 


CB Or CB 
AC CA 


And by the like Proceſs it will be found that the Risk of 
B and C after the fourth Game is = P. 


Hence it will be eafie to compoſe the following Table which 
_ expreſſes the Risks of each Gameſter, 


TABLE of RIS S. 


F-T% EE 
St * | OM: — ——C_ } oo. ew 
44 t x = « | 

2 — 0 * © ococnscws 
3 la aaco=®ss7oau = — — 
A 
5 =? | I jay 
„ „ „„ „„ — e * | 

5 = Þ ; 32 

7 -T Þ jJoanncce) = | 
8| ip | Ip [>>| 
9 114 Content? — | ===" Þ 1 
Gc. | 


In the Column belonging to B, if the vacant places were 
filled up, and the Terms p, - p, g-? &c. were 
Interpoled, the Sum of the Risks of B would compoſe one 
uninterrupted Geometric Progreſſion, whoſe Sum would be 
p; But the Terms inter poled conſtitute a Geometric Pro- 
greſſion whoſe Sum is = =-: Wherefore, if from there 
be ſubtrafted -2- p, there will remain - p for the Sum of 
the Risks of B. | 

In like manner it will be found that the Sum of the Risks 
*of C will be = 5p. And 
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And the Sum of the Risks of A, after his being Fined the ficlt 
time, will be = 2 b. 


Now if from the ſeveral Expectations of the Gameſters 
there be ſubtrated each Man's Stake, as alſo the Sum of his 


— there will remain the clear Gain or Loſs of each of 
them 


Wherefore, from the Expectations of B = — — 
Subtracting ſrſt his Stake = | 
Then the Sum of his Risks = —p 
There remains the clear Gain of B= = E + - ip 
Le from the ExpeRtations of C = £4 p 
Subtracting ſrſt his Stake = 1 15 
Then the Sum of his Risks = 2 


There remains the clear Gain | of c = — — . - + + £ . 


i. —— — 


— CH — —_—___ 
— — — — 


FFF ² ˙ 


In like manner, from the Expectation of 4 = 


Subtracting, Firſt, his Stake Lon 7 * 
Secondly, the Sum of his Risks = ip 

Lafth, the Fine p due to the * oh 
Stock by the Loſs of the firſt Game 3 = 
There remains the clear Gain of 4 = — - 1 =p 5 


But we have ſuppoſed in EY 1 of the Game that 
A was beat; whereas 4 had the ſame Chance to beat B, as B 
had to beat him: Wherefore dividing the Sum of the Gees 
of B and A into two equal Parts, each part will be — — ; 
which conſequently muſt be repured to be as the Gain of each 

of them. | 
Corollary I. The Gain of c We — — 5 , Let 
that be made = o. Then p will be found = —— "If there-- 


fore the Fine has the ſame proportion to each Man's Stake 
as 7 has to 6, the Gameiters play all upon equal Terms: 
But if the Fine bears a leſs proportion to the Stake than 7 

_ tO» 
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to 6, c has the diſadvantage : Thus, Suppoſing p = 1, his 


Loſs would be — But if the Fine bears a greater pro- 
portion to the Stake than 7 to 6, C has the Advantage. 
Corollary II. If the Stake were conſtant, that is, if there 
were no Fines, then the Probabilities of winning would be 
reſpectively proportional to the Expectations; wherefore ſup- 
poſing p = o, the Expectations of the Gameſters, or their Pro- 
babilities of winning, will be as , , =, or, as 4, 2, 1: 


Bur the increaſe of the Stock cauſes no alteration in the Pro- 
babilities of winning, and conſequently thoſe Probabilities 
are, in the Caſe of this Problem, as 4, 2, 1; whereof the firſt 


belongs to B after his beating 4 the firſt time; the ſecond 


to C, and the third to A: Wherefore ?cis Five to Two, before 
the Play begins, that either A or B wins the Set; and Five 


to Four that one of them, that ſhall be fixt upon, wins it. 


Corollary III. If the proportion of Skill between the Game- 
ſters 4, B, C be as a, b, c reſpectively, and that the reſpect- 
ive Probabilities of winning, in any number of Games after 
the firſt, wherein B is Suppoſed to beat A, be denoted by 
B, BV, B“, BE &c, (, CO, CS CE &. A ” A”, Az, 
A, &c, it will be found, by the bare inſpection of the 
Schemes. belopgiog to the Solution of the foregoing Problem, 


" o 


that 


0 
| 
0 


Fa g 
HR c+6b a+c © a+6b 

3 a 3 
B T4 Fc TH Fc 


— — N . 
Aer r r er oe 
TE of e gt ee in of b 


PURE: 8 a 2 
* c+6 15 a ＋ * 
&c. | | | 


Let I x47 * 557 be made = m; then it will 


plainly appear that the ſeveral Probabilities of winning will 
_ compoſe each of them a Geometric Progreſſion, for 


BY = 
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BY = ” B | Cy — 2 E A” = 1 F 
PB” =» 3" OC =m CO | „ 
B =” BY CE =n C A = 4* 
&c. 1 &c. & C. 


Hence a Table of Expectations and Risks may eaſily be 
formed as above; and the reſt of the Solution carried on by 
following gxactly the ſteps of the former. 

When the Solution is brought to its concluſion, it will be 
neceſſary to make an allowance for the ſuppolition made that 
B beats 4 the firſt time, which may be done thus, 

Let P be the Gain of B, when expreſt by the Quantities 
-4, b, c, and Q the Gain of A, when expreſt by the ſame: 
Change 4 into & and b into a, in the Quantity Q: then the 


N Quantity reſulting from this Change will be the Gain of B, in 


caſe he be ſuppoſed to loſe the firſt Game. Let this Quan- 
tity therefore be called N, and then the Gain of B, to be eſti- 


mated before the Play begins, will be — En, 


PROBLEM XXXII. 


IF Four Gameſters A, B, C, D Play on the conditions of the 
Þ foregoing Problem, and he be to be reputed the Winner, who 

all beat the other Three ſucceſſively : What is the Advantage of 
A and B, whom we Suppoſe to begin the Play ? 


SOLUTION. 


ET BA denote, as in the preceding Problem, that B 
4 beats 4, and AC that A beats C; and generally let the 
firſt Letter always denote the Winner and the ſecond the 
Loſer. : | 
Let it be Suppoſed alſo that B beats A the firſt time: Then 
let it be inquired what is the Probability that the Play ſhall 
be ended in any given number of Games; as alſo what is the 
Probability which each Gameſter has of winning the Set in 
that given number of Games. 


2 Fiſt, 
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Firſt, If the Set be ended in Three Games, B muſt necef- 


ſarily be the winner: Since by Hypotheſis he beats 4 the 


firſt Game, which is expreſſed as follows, 


11 BA 
2 BC 
3 j BY 


Secondly, If the Set be ended in Four Games, C muſt be 
the winner ; as it thus appears. =. 


x1 Bd 
LL CE- 
31 CD 
414 c4 


Thirdly, If the Set be. ended in Five Games, D will be 


the winner; for which he has two Chances, as it appears by. 


the following Scheme. 


x 1 84 BA- 
2 CS = "28 
2: DC Oo DB. 
4 1 D4 DA 
5 | DB DC | 


Fourthly, If the Set be ended in Six Games, 4 will be 
the winner; and he has three Chances for it, which are thus 
collected, | | 


I 5 A4 BA BA 
2-1 CB CB BC. 
3 | Dc CD DB 
4 | 4D AC AD 
5 | AB AB Ac 
6 | 4c AD AB 


Fifthly;, If the Set be ended in Seven Games, then B wilt 
hve three Chances to be the winner, and C will have two; 
thus, 5 


1134 
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1134... B44 a #4 
2 | CB CB CB BC BC 
31 DE a co 8 | DB 
41 4D D4  4C a D042 
5 | 34 BD BA een 
6 | Be AC ‚ a C8 
71 30 #4 KC 8 C4 


Sixthly, Tf the Set be ended in Eight Games, then D will 


have two Chances to be the Winner, C will have three, and 


B alſo three, thus : 


cou bw h 


| BA BA BA BA BA 3 34 BA 
. CB - £8 - aC RT + 
DC B BE CD Ci DE D838 HE 

- NAD. AD BY AC. ũ 49 DA 
BA AB BD W Ö ” . EX 
CB „ DB DA BC 8&5 a 
CDS CA DC IX BD © BD BA 
C4 CB CD DX ha. BD 


Let now the Letters by which the winners are denoted be 
written in Order, prefixing to them the Numbers which. 
expreſs their ſeveral Chances for winning; in this manner, 


SB O 2 | 
Q 


479 


—B 


1 

+ © 

2 D 

3 A 

3B +2C 

F | 

1 DT2 AT CD 5 
3A+aB+F3D+3AtaBF3A+F2C+3D 


Then 
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Then Examining the formation of theſe Letters, it will 
appear; Firſt, that the Letter B is always found ſo many 
times in any Rank, as the Letter 4 is found in the two pre- 
ceding Ranks: Secondly, that C is found ſo many times in 
any Rank, as B is found in the preceding Rank, and D in the 
Rank before that. Thirdly, that D is found ſo many times 
in each Rank, as C is found in the preceding, and B in the 
Rank before that: And Foarrhly, that A is found ſo many 
times in each, as D is found in the preceding Rank, and C 
in the Rank before that. 57 | +5 
From whence it may be concluded, that the Probability 
which the Gameſter B has of winning the Set, in any g- 
ven number of Games, is of the Probability which A 
has of winning it one Game ſooner, together with of the 

| : * BY N Ls» a | 1 
Probability which 4 has of winning it two Games ſoo- 
_— . 

The Probability which C has of winning the Set, in any 


given number of Games, is of the Probability which B . 


has of winning it one Game ſooner, together with of tlie 
Probability which D has of winning it two Games ſooner. 
The Probability which D has of winning the Set, in any 
given number of Games, is — of the Probability which C 
has of winning it one Game ſooner, and alſo — of the 
Probability which B has of winning it two Games ſoo- 
ner. - | 
"T he Probability which 4 has of winning the'Set, in any 
given number of Games, is - of the Probability which 9 
has of winning it one Game ſooner, and alſo . of the 


Probability which C has of winning it two Games ſoo- 
ner. 

Theſe things being obſerved, it will be eaſie to compoſe = 
a Table of the Probabilities which B, C, D, A have of win- 
ning the Set in any given number of Games; as alſo of their 

-ExpeQations, which will be as follows. ie. 


AT 
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TABLE of the Probabilities, &c. 


B C D A 


[oxy | on nenn] Suuahe|ococs 
r 
—— 1 — IT X4Þ+5p | >= == 
„ x; 


r e e 
| = <= T5 X4+90 [557 X4+9P e x 4 
Ir X4+Iop I *4+10 FT 4 T IU x 47 Iop 
a X 4 FTP Tas X 4411 x AT Tip. u 4 Til, 
IX 4+1 75. X 4 T 12 age X 4 T 125 41 6 


** — — 


2 
8333 G | 
8 
* 
> 
4 
S 
D 
X 
> 
ob 
S 


The Terms whereof each Column of this Table is com. 
poſed, being nor eaſily ſummable by any of the known Me- 
thods, it will be convenient, in order to find their Sums, to 
uſe the following Analyſis. | 
Let B' + BY + B” -+ B“ + Rr BY &c. repreſent the 
reſpective Probabilities which 8 has of winning the Set, in 
any number of Games, anſwering to 3, 4, 5, 6, 7, 8 &c. 
and let the ſum of theſe Probabilities Ad i»finitum be ſuppo- 
ſed = . . 
In ro ſame manner, let ' + "+ C4 C“, C 
( &c. repreſent the Probabilities which C has of winning, 
which ſuppoſe = =. = 
Let the like Probabilities which D has of winning be re- 
preſented by D' + D” D“, + D“, + DF + D &c. which 
ſuppoſe = v. = . = 
Laſtly, Let the Probabilities which 4 has of winning be 
"repreſented by 4' + 4" + 4" TA + 4” + 4” Kc. which 
ſuppoſe = x. ? | 
Now from the Obſervations ſet down before the Tabl 
of Probabilities, it will — that 1 
f 6 PI . , = 


7 oO In n , = — 
„..... ³ . 2 r ] a 8 
N . i 
9 — 
| 
: 4 
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B'=B' 


B” 5 * A” + FD: 4 : 5 
B” 5 F an 4 4 1 i 
B A 3 | * + 2 A” 

B = A ++ A“ TT 
&c. 5 g 


From which Scheme we may deduce the Equation follow- 
ing, ) = — + = x: For the Sum of the Terms in the 


firſt Columa is equal to the Sum of the Terms in the other 
two. But the Sum of the Terms in the firſt Column is y by 
Hypotheſis; wherefore y ought to be made equal to the Sum 
of the Terms in the other two Columns. 

In order to find the Sum of the Terms of the ſecond Co- 


lumn, I argue thus, 

Cuff 4 A + A + A + A is = x by Hypoth. 
or 4 * A” + A FL is W of 
and 2A“ TARA“ ＋ A is Xx - A 


Then adding B' + B” on both ſides of the laſt Equation, 
we ſhall have 5 . 
9 LA + A“, SAVE A A Kc. 
r. 


But 4 = o, B = +, B” = o, as appears from the Ta- 
ble: Wherefore the Sum of the Terms of the ſecond Column 
is equal to & + +. | 

The Sum of che Terms of the third Column is & by 
Hypotheſis; and conſequently the Sum of the Terms in the 
ſecond and third Columns is = — * + — From whence 
it follows that the Equation y = — + + x had been 
rightly determined, — 


0 


— Dry 
- a , _ or: he ME ROB > jy 2 "68 . : 2 2 * N 
: —— 8 a e EYE py — ww; . $ 2 9 — 7 2 N 1 0 . 
* : * ö — . — — —.— 4 
8 _ mY we — * — ” - A * 
* —— —2— — — — 23 — ag as & . 22 <a. —— — — — <@ 
5 2 - 
— — * 1 4 . 
a j F 2 


1 
[ 
j 
10 
'f 
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In the ſame manner, if we write 


C. w C* 
47 = CE 
C =+B ++ D 
C“, oo + A + D* 8 
C aw WO 34 * 
N _ — B + — — * | 
&c. 


By a — like the former we ſhall at length come at 
the Equation S ==) ++v. 


80 ws if we write 


D/ i 7 


D“ = P“ ; 
D” =+C + -B 

D“ = + — C* 1 

D' = c 

* = Z CF: + F. 

&c. 


| We ſhall deduce the Equation V=—+2 & + 3s =. 


Laſtly, if after the ſame manner we write 


A' = A" 
y __ F 
4 = +—D*: + -C 
P as 5 — 4 fa I “ 


| 4 mn. "mw = . 
44 = + — SS. 


&c. 
We ſhall obtain the Equation x = * 2 2. 


Nov 


1 multiplyed by the reſpective 
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b Now theſe Four Equations being reſolved, it will be found 
that | : 
SB A B" + B 4 Bl &e. =» = 
c c“ c“ CO"4C+ CH &. 2 = 3 
D' + D'' + D/ D + DY + D &c. =vV = 

4 + A 4 4. A+ A" A Kg. = * = 25 


[Theſe Values being once found, let 6, c, d, a, which are 
commonly employ * denote known Quantigies, be reſpect. 
ively fubſtituted in the room of them; to the end that the 
Letters 3, =, v, 5 may now be employed to denote other 
unknown Quanti ties. | 
Hitherto we have been determining the Probabilities of win- 
ning: But in order to find the Expectations of the Gameſters, 
each Term of the Series expreſſing theſe Probabilities, is to 
- Sins of the following Se- 
ries; 4.35, 4+4P> 4 55, 44 5% &c. 3 
The firſt part of each Product being no more than a 


= 


Multiplication by 4, the ſums af all the firſt parts of thoſe 
Products are only the ſums of the Probahilities multiplied 
” 43 and conſequently are 46, 4c, 4d, and 44 reſpective- 
Y. : | ; 
But to find the Sums of the other parts, 

Let 3 By +4 By + 5 Bp + 6 Bp Ke. be =py, 

3 c +40 +5" +6" . = 5 A, 

3 Dp +4 D + 5D"p + 6 D KC = 5 v, 

3 A A 5A A & All &c. = 5A, 


It 
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It follows, that y = + =- + 4. For the firſt Co- 
lumn is = y, by Zhporhefis. 


Again, 3 4 ＋ 44 +54" +6 4" + 7 A/&c. = by H- 
potheſis. 3 
But A4 + 4" + 4" A“, + 4” &c. has been found 4, 
Wherefore adding theſe two Equations together, we ſhall 
have 4 A'+ 5 A'+ 6 A+ 7 45 8 4 &c. XK + 4. 
or AT TATA 4" +34 Kc. & TA. 


; 

: 
4 

* 
1 
* 
1 
; 

7 
- 

'&) 

; i 
{ 
! 

+ 
2: 
8 . 

* 

* 

1 
1 
1 7 

* 
WL 


"— 

1 
$7 
1 

1 7 

41 

4 7 

FA 

T 

* 

ql 

* 

J 

i 

4 $i 

| 

{ 

Vi 

3 

1 

n 

4 

9 f 


Now the Terms of this laſt Series, together with 3 B' + 


4 B”, compole the ſecond Column: But 3 B' L, and 


4 B. =o, as appears from the Table. Conſequently the 
ſum of the Terms of the ſecond Column is = —— + —x*_ 


＋ 4. | 
By the ſame Method of proceding, it will be found, that 
the ſum of the Terms of the third Column is = — x 
+ | 4 4 
From whence it follows that J=i+ Ex + £4 +Lx+ 4 
or y = — + —x + 4a. | 


% 


In the fame manner if we write 
3 « © 
4 C“ WF 4 | 999 
5 * _ 2B = F — 
6 EN 2 2 a gy 15 0: H 


We ſhall fromthence deduce the Equation 2 = - y + 
b — 
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So likewiſe in the ſame manner, if we write 


DY D“ 
4 DD = — D' + + B” 
&c. 3 


Laſtly, if after the ſame manner we write 


4 


We ſhall deduce the two following Equations, vir. 
v=4i5+ c++ + . And x Y TATA 
Now the foregoing Equations being Solved, and the values 
of 6, c, d, 4 reſtored, it will be found that ) = <<< 


22201 
0724 „„ oo SHIT 
oe 22201 ? * : 22201 ? og 2232043 :* 


From which we may conclude, that the ſeveral Expectations 
of B, c, D, A are reſpectively, Firſt, 4 * TTY + <3», 


22201 
JG. -- 872 ; 2 -37600 
aun 4 2-4 9229-9, Lurch, qxEoop tp 


Fourth, ar 2+ —HH2-p 


5 V 
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The ExpeQations of the Gameſters being thus found, it 
will be neceſſary to find the Risks of their being Fined, or 
otherwiſe what ſum each of them ought juſtly to give to 
have their Fines Inſured, In order to which, let us form ſo 
many Schemes for expreſſing the Probabilities of the Fines 
as are ſufficient to find the Law of their Proceſs. 

And Firſt, we may obſerve, that upon the ſuppoſition of 
B beating 4 the firſt Game, in conſequence of which A is 

to be Fined, B and c have one Chance each for being Fined 
the ſecond Game, as it thus appears 


1] Bl BA 
21 1 


Secondly, that C has one Chance in four for being Fined 
the third Game, B one Chance-likewiſe, and D two; ac» 
cording to the following Scheme, 


BY 1 m& oe 


I 
2 CB - & BE RC. 
3 DC CD Dll: BD 


Thirdly, that D has two Chances in eight for being Fined 
the fourth Game, that A has three and C one; according to 
the following Scheme, 


i] Bl BA BA BA BA 54 
2 | CE c&> a cha 2X 

| Dc Dc V X 
4\ 4D da %% Ds 


N. B. The two Combinations B 4, BC, BD, AB, and BA, 
BC, BD, BA are omitted in this Scheme, as being ſuperflu- 
ous ; their diſpoſition ſhewing that the Set muſt have been 

ended in three Games, and confequently not affeQing the 
Gameſters as to the Probability of their being Fined the fourth - 
Game; Yet the number of all the Chances muſt be reckoned 
as being Eight; fince the Probability of any one. circum- 


ſtance is but —. 


Theſe 


—ͤ er 
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Theſe Schemes being continued, it will eaſily be perceived 
that the circumſtances under which the Gameſters find them- 
ſelves, in reſpect of their Risks of being Fined, ſtand related 


to one another in the ſame manner as were their Probabilities 


of Winning ; from which conſideration a Table of the Risks 
may eaſily be compoſed as follows. 


1117 


e. 


A TABLE of RISKS &c 


Io CONN Ame w 0 | 


B . A 
— — — — * — 
3 1 
| 2 Od. — — o | ᷣDfß— - — o 
1 ö ſe. He 2 | 
= ww „„ =: © — — ——Þ 
3 2 2 3 
is P is P 16 | 16 Pp 
i 5 Me . 
1 3; 32 
64 64 T4 64 Pp oy [4 
7 7 8 14 13 
123 128 128 128 
17 Is 14 22 
"ct 256 p 256 Pp 255 


Wherefore ſuppoſing B + B” + B &c. C c +C" 


gc. D'+ÞD” + D” &c. 4 + 4 + 4” &c. wo repreſent 
the ſeveral Probabilities 3 and ſuppoſing that the ſeveral ſums 
of theſe Probabilities are reſpectively equal to), x, z, v, we 
ſhall have the following Schemes and Equations 


B' = 3. 
—_ 

BY —= A" +4 — F of 
| B” | _ A” TY * F | 
B —4 ＋— HE 
B = A, +4” 
&c. 


_ *Hence Y = * = x: 


c 


The Doctrine of Cnances, 


op. 

"2x 

+B ++ D 
ot 24 — D“ 
— 14 * D” | 
I 
2 


785 
C 
1 
a 
8 
| " >a 
1 | 
Hence z = + + iy + — - 
D = D 
„ 
C 
mr” —— 8 * B. 
D' = + FE 1 . 
8 0 8 
&c. , 
15 Hence v = — + — 2  þ 5 


I 


4 


BE 3 BY - = 20 D“ 
- 4 5 


1 


4 
A” 


_ 


-D + 
+F = 
* A” 4 
D + -C" 


ps 3 
bes "ry 
1 
4 
1 
* 

— 1 1 | 
Hence x = 2 V + . 


EC 
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The foregoing Equations being reſolved, we ſhall have 


4 22 2 2 


1 14 9 1 
Let every one of thoſe Fractions be now multiplied by p, 
and the Products Aer Þs p. fp, iP Will expreſs 
the reſpective Risks of B, C, P, A, or the ſums they might 
juſtly give to have their Fines Infured. 

Bur if from the ſeveral ExpeQations of the Gameſters there 
be ſubtracted, Firft, the ſums by them depoſited in the be- 
ginning of the Play, and Seconaly, the Risks of their Fines, 
there will remain the clear Gain or Loſs of each. Wherefore 


Fr the Expectations = * 3 
From pet of B = 4 * IT + 2207 Þ» 


Subtracting his own Stake = 1 | 

and alſo the ſum of the Risks = 243 
| 3 . 
There remains his clear Gain tb 2329 = 
| : . 149 22201 — 


Wenns WEE INEEESRL 
— * 3 * 
„— 
——„— 
— 


28724 


From the Expectations of C = 4 2 + 
: : 149 22201 2. 
Subtracting his own Stake — x 


and alſo the Sum of his Risks 5 9p p 
169. 9 

There remains his clear Gain = — 6 
1 PEE ESE LTR 3 1 22201 P. 


2 


From the Expectations of D = 
Subtracting his own Stake = I 
and alſo the ſum of his Ricks = 


There remains his clear Gain = — 2 4224 


— — —  ——  ——— — ———  ——————————————— 1 22201 * 
From the Expectations of 4 = 4 x _25 . 
f f 8 220 
Subtracting his own Stake = I apa 4 
and alſo the Sum of his Risks = 175 
2 
93 P, 


— 


Laſtly, the Fine due to the Stock _ 
by the loſs of the firſt Game. + 5 
There remains his clear Gain = — oy 14729 p. 


2 
— nt . — W 
d, er ö . 1 — 
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The foregoing Calculation being made upon the ſuppoſi- 
tion of B beating 4 in the beginning of the Play, which ſup- 
poſition neither affects C nor D, it follows that the ſum of 
the Gains between B and A ought to be divided equally ; 
and their ſeveral Gains will ſtand as follows, | 


oY rere. 
A = 149 22207 P 
— i Dee 2 
PIC 149 22201 75 
Gain of Co = = oz 
149 22201 P- 
— 22 4224 
D Os mn * 22201 P, 
Sum of the Gains — © o 


—— —— ——— . — 


at — 6 


If e-, which is the Gain of A or B, be 


149 22201 | 
made = ©; then p will be found = : From which 
it follows, that if each Man's Stake be to the Fine in the 
proportion of 2700 to 1937, then A and B are in this caſe . 
neither winners nor loſers; but C wins ——, which D lo- 


ſes. 
And in the like manner may be found what the proportion 


between the Stake and the Fine ought to be, to make C or 
D play without Advantage or Diſadvantage ; and alſo what 
this proportion ought to be, to make them play with any 
Advantage or Diſadvantage given. 
Corollary I. A ſpectator N might at firſt in conſide- 
ration of the Sum 4-+7p paid him in hand, undertake to 
furniſh the four Gameſters with Stakes, and to pay all their 
Fines. | = 
cCorollar II. If the proportion of Skill between the Game- 
ſters be given, then their Gain or Loſs may be determi- 
_ by the methods uſed in this and the preceding Pro- 
em. | 
Corollary TIT. If there be never ſo many Gameſters play. 
ing on the conditions of this Problem, and the propor- 
tion of Skill between them all be ſuppoſed equal, then the 
Probabilities of winning, or of being Fined, may be deter- 
mined as follows. | | Eg 
| Let 
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Let J, C', D', E, F, 4 denote the Probabilities which 
B, C, D, E, F, 4 have of winning the Set, or of being Fined, 
inany number of Games; and let the Probabilities of winning 
or being Fined in any number of Games leſs by one than the 
preceding, be denoted by B/ D E, F, : And ſo on. 

Thea I fay that, | on 


D/ 6 „ TT 
27 3 /; D, T T7 3 
C” * B” T 1 . * 8 E“ + - * 

13383 5 1 17777 3 5 
JL wo CD + — B“ = —— Þ 11! = _— EY 


I 
= DCC ++ 
7 — E, + — 7 + — C. —— BY 
— 1 E S 7 
= —P + —F+ —-D" + -@T 


Corollory IV. If the Terms 4, B, c, D, E, F&c. of a Se- 
ries be continually decreaſing, and that the Relation which 
each Term of the Series has to the ſame number of preceding 
ones be conſtantly expreſt by the ſame number of given 
Fractions , *, +, + &c. For Example, if E be equal 

ox” ir? > # 
to DT -C+—B, and F be alſo equal to E + —D 
+ + C, and fo on: Then I fay that all the Terms Ad 
infinitum of ſuch Series as this, may be eafily ſummed up, 
by following the ſteps of the Analyſis uſed in this Prob- 
lem; of which ſeveral Inflances will be given in the Prob- 
lem relating to the duration of Play. 

And if the Terms of ſuch Series be multiplyed reſpect- 
ively by any Series of Terms, whoſe laſt differences are equal, 
then the Series reſulting fiom this multiplication is exactly 
ſummable. 85 

And if there be two ſuch Series or more, and the Terms 
of one be reſpe&ively multiply ed by the correſponding Terms 


HH i l 


[ 


Y 
| 


of the other, then the Series reſulting from this multiplica- 


| * 
"4 


tion will be exactly ſummable. 
Laſtly, If there be ſeveral Series ſo related to one another, 
that each Term in the one may have to a certain number 


of terms in the other certain given porportions, and that the 


order of theſe proportions be conſtant and uniform, then will 
all thoſe Series be exactly ſummable. The 


8 
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The foregoing Problem having been formerly Solved by 
me, and Printed in the Philoſophical Tranſactions N* 341. Dr. 
Brook Taylor, that Excellent Mathematician, Secretary to the 
| Royal Society, and my Worthy Friend, foon after communi- 
cated to me a very Ingenious Method of his, for finding the 
Relations which the Probabilities of winning bear to one- 
another, in the caſe of an equality of Skill berween the Game- 
ſters. The Method is as follows. 

Let BACD repreſent the four Gameſters ; let alſo the two 
firſt Letters repreſent that B beats 4 the ficſk Game, and 
the other two the order of Play. 

This being ſuppoſed, the circumſtances of the Gameſters 
will be repreſented in the next Game by BCDA or CBDA. 


roduce two more Combinations for the Game following, 
ſo that the Combinations for that Game will be four in al 
viz. BDAC, DBAC, and c DAB, DCAB; which may be fitly 
_ repreſented by the following Scheme. 


BACD 
CDA 2 i 
De - Þa CDA -. a 


It appears from this Scheme, that if the Combination CBDA4 
Happens, which mult be in the ſecond Game, then B will be 
in the ſame Circumſtance wherein 4 was the Game before; 
the conformity of which Circumſtances lies in this, that B is 

beat by one who was juſt come into Play when he engaged 
him. It appears likewiſe, that if the Combination DBA 
Happens, which muſt be in the third Game, then B is again 
in the ſame Circumſtance wherein 4 was two Games be- 
fore. | | | 

But the Probability of the firſt Circumſtance is , and 
the Probability of the ſecond is —. 5 

Wherefore the Probability which B has of winning the 
Set, in any number of Games taken from the beginning, is - 
of the Probability which A has of winning it in the ſame # 
number of Games wanting one, taken from the beginning ; = 

allo 


Again, the two preceding Combinations will each of them 
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alſo — of the Probability which he has of winning in the 
ſame number of Games wanting two. From which it fol. 
lows, that if the Probability which B has of winning the Set, 
in Five Games for inftance, and the Probabilities which 4 
has of winning it in Four and Three, be reſpectively denoted- 
by BV, A; A”, we {hall have the Equation, BY 228 4 
ap + A”, which is conformable to what we had found 


before. And from the Inſpection of the ſame Scheme may 
likewiſe be deduced the Relations of the Probabilities of win- 
ning, as they lye between the other Gameſters. And other 
Schemes of this nature: for any number of. Gameſters ma 
eaſily be made in imitation of this, by which the Probabi- 
lities of winning or being Fined may he determined by. bare 
Iuſpection. N . 


5 PROBLEM XXXIII. 
"= WO Gameſters A and B, whoſe proportion of Skill is as 


a to b, each having 4 certain number of Pieces, play to- 
gether on condition that as often as A Wins. a Game, B (ball 
give him one Piece, and that as often as B Wins 4 Game, A ſhall 
give him one Piece; and that they ceaſe not to Play till ſuch time 
as either one or the other has got all the Pieces of his adverſary. 
Nom let us ſuppoſe two Spectators R and S to lay a Wager 4- 
bout the Ending of the Play, the firſt of them laying that the Play 
will be Ended in 4 certain number of Games which he aſſigns ; 
the other laying to the contrary, What is the Probability that 8 
bas of Winning his Wager? 


SOLUTION. 


CASE I. 


T ET Two be the number of Pieces which each Game- 

ſter has, let alſo Two be the number of Games about 
which the Wager is laid: Now becauſe two is the number 
of Games contended for, let a+ 6 be raiſed to its Square, 
wiz. 44 T 24b +bb; and it is plain that the Term 245 favours 
S, and that the other two are againſt him, and conſequently 


that che Probability he has of Winning is == — 


— 
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CASE II. 

ET Two be the number of Pieces of each Gamefter; 

— but let Three be the number of Games upon which 
the Wager is laid: Then 24 being raiſed to its Cube 
Viz, 4 + 3aab ＋ 3abb +63, it is plain that the two Terms 
a* and & are contrary to S, ſince they denote the number of 
Chances for winning three times together; ?tis plain alſo that 
the other Terms 3446 + 3abbare partly for him, partly againſt 
him. Let theſe Terms therefore be divided into their proper 
parts, viz, 3a4b into aab, aba, baa, and 3abb, into abb, bab, bba. 
Now out of theſe Six parts there are four which are favou- 
rable to S, viz. aba, baa, abb, bab or 2aab + 2abb; from whence 
it follows that the Probability which S has of winning his 


on wlll Re 24a T2211. 717: | 
Wager will be 8 Or dividing both Numerator 


and Denominator by 4 Kb, it will be found to be 
which is the ſame as before. 


CASE III. 


L ET Two be the number of Pieces of each Gameſtes, 
and Four the number of Games upon which the Wager 
is laid: Let therefore 4 +6 be raiſed to the fourth Power, 
which is 2 + 44% + 6 4abb + 446 + *. The Terms 
4* + 44% + 4463 + , are wholly againſt S, and the only 
Term 6 aabb is partly for him, partly agamſt-him: Let this 
Term therefore be divided into its Parts, viz.- aabb, abab, 
abba, baab, baba, bbaz ; and Four of theſe Parts abab, abba, baab, 
baba, or 4aabb will be found to favours $; from which it 


h > * ä 422 
follows, that his Probability of winning will be Fi- 


246 


— 
pry 


C AS*E IV. 


F Two be the number of Peices of each Gameſter, and 
Five the. number of Games about which the Wager 
is laid; the Probability which $ has of Winning his Wager 
will be found to be the ſame as. in the preceding Caſe, 
11 M225, . GENE. 
+6? Dl . 
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GENERALLY. 


Let Two be the number of Pieces of each Gameſter, and 
2 +4 the number of Games about which R and & contend, 
and it will be found that the Probability which S has of 


225 | 
20h But if 4 be an odd Number, 


pee > 
ſubſtitute 4 — 1 in the room of it. 
'F ET Three be the number of Pieces of each Gameſter, 


Land 3 +4 the number of Games upon which the Wa- 
ger is laid; and the Probability which S has of Winning 


aD 8 | 
ill be 2 r. But if 4 be an Odd Number, you are 
to ſubſtitute 4—1 in the room of 6 

CASE VI. 


T F the number of Pieces of each Gameſter be more than 

Three, the Expectation of S, or the Probability there is 
that the Play will not be Ended in a given number of Games, 
may be determined in the following manner. | 


Winning will be 


A General RULE for Determining what Probability there 
is that the Play will not be Ended in a given number of 
Games. | | 


T ET z be the number of Pieces of each Gameſter ; let 
LL alſo 2 ＋ d be the number of Games given. Raiſe a-+b 
to the Power , then cut off the two extream Terms, and 
multiply the remainder by 44 ++ 246 -+ bb : then cut off again 
the two Extreams, and multiply again the remainder by 
44 + 24b ＋ bb, ſtill rejecting the two Extreams, and ſo on, 
making as many Multiplycations as there are Units in ga; 
Let the laſt Product be the Numerator of a Fraction whoſe 


Denominator is 2 TH He, and that Fraction will expreſs the 
. | Proba- 
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PR required, or the ExpeQation of S. Still obſerving 
has it 4 be an Odd Number, you write 4-1 in the room 
of it. 1 


1 ET Four be the number of Pieces of each Gameſter, and 
IL. Ten the number of Games given: In this Caſe 2 = 4, 
and »+d = 10. Wherefore 4 = 6, and — d = 3. Let 


therefore a-+b be raiſed to the Fourth Power, and rejecting 


continually the Extreams, let three Multiplications be made 
by 44 ＋ 2b + bb. thus, ” 


a4) + 435 + Gaabb + 4abꝭ ( be 
aa + 2b + bb © 
7) and ee, 
+ Satbb + 124353 ＋ Saab4 
—— 4.a3h3 = 6aab4 (+ gab? 


— — — _ 


— 


W 


+ 2845b3 + 40a + '28a3h5 
＋ 14a*b+ + 20a3b5 ( + 14aabs 
1 48a553 + 68a+þ4 + 48a3bs 7 
as ＋ 2ab + bb 
41358a75 ) + 68 + 48265 Bee 
_ + g96a®4-þ 1364555 + g6a4h* 
＋ 4845b5 + 68a4b* (-+ 4843b7 


164a⁵ ++ 2324555 + 164106. 


i 


Ge * — — 


N m 9 


2 
2 DDr 


| "Wherefore the Probability that the Play will not be ended 


in Ten Games will be £4 +23 7 +1549, which ex- 

=p 
preſſion will be reduced to 1752 * or 35, if there be an e- 
quality of Skill between the Gameſters. Now this Fraction 
being ſubtrated from Unity, the remainder will be 2 


which will expreſs the Probability of the Play Ending in 
| E e Ten 


|—— 
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Ten Games: And conſequently it is 35 to 29, that two e- 
qual Gameſters playing together, there will not be Four Stakes 
loſt on either ſide in Ten Games. | | 
N. B. The foregoing Operation may be very much con- 

_ tracted by omitting the Letters à and 6, and reſtoring them 
after the laſt Multiplication ; which may be done in this man- 
ner. Make »+ 4 1 = p, and = d 1 : Then an- 
nex to the reſpective Terms reſulting from the laſt Multipli- 
cation the literal Products 40, 45 1 b4*1, 42 b4+2 Nc. 
Thus in the foregoing Example, inſtead of the firſt Multi- 
plicand 44 + 6 aabb + 4 4b, we might have taken only 
4 +6 + 4, and inſtead of Multiplying Three times by 
aa + 2 ab ＋ bb, we might have Multiplyed only by 14 2 + fx, 
which would have made the laſt Terms to have been 164 + 
232 + 164 Now ſince that »is = 4 and 4 = 6, p will 
be = 6, and q = 4; and conſequently the literal Products 
to be annext to the Terms 164 -+ 232 + 164 will be re- 
ſpectively 4, abs, abe, which will make the Terms reſult- 
ing from the laſt Multiplication to be 164.45 b+ + 232 45 65 
+ 164 4* b*, as they had been found before. | 


EXAMPLE II: 


LET Five be the number of Pieces of each Gameſter, and: 
Ten the number of Games given. Let alſo the propor- 
tion of Skill between 4 and B be as Two to One. 

Since is = 5, and „d = 10, it follows that d is = 5; 
Now d being an odd number muſt be leſſened by Unity, 
and ſuppoſed = 4, ſo that —-d = 2. Let therefore 4-+b be 


raiſed to the fifth Power; and always rejecting the extreams, 
| Multiply twice by 44 + 2 4b + bb, or rather by 12 ＋ 1; 


us | | 
1) ＋ 5 +10+10+5(+1 20 + 35. +35 + 20. 
I+2+1 11241 


8 


5) + 10 + 10 ＋ 7 | 20)+ 35 +35 +20 
+ 1+ 20+20+10. 40 ＋ 70 +70--40: 
+ 5+ 10+ 10(+s. . 20+35+35(+20 
20 ＋ 35 + 35 ＋ 20 


—— — — 


- © =» —— — ——— 


75 11251125775 | 


Now 
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Now to ſupply the literal Products that are wanting, let 
» + 4 i be made =p, and - 4 x = 4, then p will 
be = 6 and q = 3. Wherefore the Products to be annext, 
viz, at bi, ar- 64** & c. will become 48, 4, 445, a3bs , 


and conſequently the Expectation of & will be found to be 


. nia B+1254a'b*t+i25a*b +75 a34b6 
5 7 | 

N. B. When is an odd number, as it is in this Caſe, 
the ExpeQation of S will always be diviſible by 24. Where- 
fore dividing both Numerator and Denominator by a-+6, the 
foregoing Expreſſion will be reduced to 


Aft ro TOR ,, TEC 


= ==k 
Let now 4 be interpreted by 2 and 6 by 1, and the Ex- 


pectation of 8 will become 332. 
- GS0K---> 


PROBLEM XXXIV. 


T HE ſame Things being given as in the — Problem: 


to find the Expectation of R, or otherwiſe what the Probabi- 
lity is that the Play will be Ended in a given number of Games. 


SOLUTION. 


Irft, Tt is plain that if the ExpeCtation of S, obtained by 
the preceding Problem, be ſubtracted from Unity, there 

will remain the Expectation of R. | 
Secondly, Since the Expectation of & decreaſes continually 
as the number of Games increaſes, and that the Terms we 
rejected in the former Problem being divided by 44 + 24b ＋ bb 


are the Decrement of his Expectation ; it follows, that if thoſe 


rejected Terms be divided continually by a they will be 
the Increment of the ExpeQation of R. Wherefore the Ex- 
pectation of R may be expreſſed by means of thoſe rejected 
Terms. Thus, in the ſecond Example of the preceding Pro- 
blem, the ExpeQarion of R expreſſed by means of the re- 
jected Terms will be found to be 


& + bs 


5 —— 11— ¶ rv FEI TER, 
= 


let N be the Coefficient of the next Term wanted; 


whence it appears that the Term it ſelf would be T — 1 — — 


20 . 204247 


— 


Sos a3 7 | Or 


. . 


2 I + — a - ＋ l 


In the like manner, if Six were the number of the Pieces 
of each Gameſter, and the number of Games were Fourteen; 
it would be found that the Expectation of R would be 


1 
$013 F* "656 , 2546 , - 11h4%8% 429277 
2 x1 Derr: 
4 4 * r T ab * , - a+6'8 


And if Seven were the number of the Pieces of each Game- 
fler, and the number of Games given were Fifteen; then 
the Expectation of R would be found to be | 


AE of AY RY 746 35 a8bhb  1544%Þ3 | 6237 a*þ+ 
a+)? FIT =. T Tee T a+b)\ 1 
N. B. The number of Terms of theſe Series will always 


be equal to - 4 + 2, it 4 be an even number, or to 2 


if it be odd. 


' Thirdly, All the Terms of rheſe Series have to one another 0 
certain Relations; which being once diſcovered, each Term 
of any Series reſulting from any Caſe of this Problem, may 


be eaſily generated from the preceding ones. 


Thus in the firſt of the two laſt foregoing Series, the Nu- 
merical Coefficient belonging to the Numerator of each Term, 
may be derived from the preceding ones, in the following 
manner. Let K, L, M be the Three laſt — and 

then it 
will be found that N in that Series will conſtantly be equal 
to 6 M—9 LAZ K, Wherefore if the Term which would 


follow r in the Caſe of Sixteen Games given, 


were deſired; then make M = 429, L = 110, K=27, 
and the following Coefficient will be found 1638. From 


ah; 
_ Likewiſe, in the ſecond of the two foregoing Series, if the 


Law by which each Term is related to the preceding ones 


were 
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were demanded, it might be thus found. Let K, L, M, be 
the Coefficients of the three laſt Terms, and N the Coefficient 
of the Term deſired ; then NV will in that Series, conſtantly 
be equal to yM— 14 L + 7 K, or to M—2LFXK x 7. 
Now this Coefficient being obtained, the Term to which it 
belongs is formed immediately. 

Bur if the general Law, by which each Coefficient is ge- 
nerated from the preceding ones, be demanded, it will be 
expreſt as follows. Let z be the number of Pieces of each 
Gameſter: Then each Coefficient contains 


u times the laſt, 

— 2 x times the laſt but one, 
+ 2 x > x == times the laſt but two, 
— 2 x 2 x == x times the laſt but three, 
+ * x = * x == x ==> times the laſt but four, 

M6: 

Thus the number of Pieces of each Gameſter being Six, 
the firſt Term » would be = 6, the ſecond Term * ==> 


would be = g, the third Term » x A x 2= would be = 2; 


| 3 
the reſt of the Terms vaniſhing in this Caſe. Wherefore if 
X, L, M are the three laſt Coefficients, the Coefficient of the 

following Term will be 6M—gL +2 XK 
Fourthly, The Coefficient of any Term of theſe Series may 
be found, independently from any relation they may have 
to the preceding ones: In order to which it is to be obſer- 
ved that each Term of theſe Series is proportional to the 
Probability of the Plays Ending in a certain number of Games 
preciſely : Thus in the Series which expreſſes the Expectation 
of R, when each Gameſter is ſuppoſed to have Six Pieces, 


VIZ. 


a5%+85 ab 2 7 aabb 11043 63 ,29 * 
XI + =p + I ＋ par + wy mt + | 
the laſt Term, being multiplied by the common Multipli- 
cator = ſer down before the Series, that 1s the Pro- 
duct e, * Probability of the = 

| ** 


| x x 2x — ES 
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Ending in Fourteen Games preciſely. Wherefore if that Term 
were deſired which expreſſes the Probability of the Plays End- 
ing in Twenty Games preciſely, or in any number of Games 
denoted by +4, I ſay that the Coefficient of that Term will 
be, 

1 ELD —.— * Ez - &c. continued 


I 1 4 
to ſo many Terms as there are Units in —4 -+ 1. 


2 


— —X — * EL; X EEE X EE &c. conti- 


nued to ſo many Terms as there are Units in d + 1—z. 


+ —— x I x e. X — &c. continu- 
ed to ſo many Terms as there are Units in 4-2. 


8 Src. con- 
tinued to ſo many Terms as there are Units in 4 + 1 — 3 ». 
&c. „ 

Let now 2 d be ſuppoſed = 20, 4 being already ſup- 


poſed = 6, then the Coefficient demanded will be found from 
the general Rule to be, LE 


ERA Xx — x KR 23256 
I 18 — 
— — * 18 


| Wherefore the Coefficient demanded will be 23256 — 18 
= 23238: And then the Term it ſelf to which this Co- 


efficient does belong, will be =32 = 2 Conſequently the 


Probability of the Plays Ending in Twenty Games preciſely 
s 425 +6 2323847) | | 
will be =D 7 ITT]. 


Fifthly, By the help of the two Methods explained in this 
Problem ( whereof the firſt is for finding the relation which 
any Term of the Series reſulting from the Problem, has to a 
certain number of preceding ones; and the ſecond for find- 
ing any Term of the Series independently from any other 
Term) together with the Method of ſumming up any given 

num» 
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number of Terms of theſe Series, (which ſhall he explained 

in its place); the Probability of the Plays Ending in any gi- 

ven number of Games, will be found much more readily than 

— be done by either of the two firſt Methods taken 
voy. | 


 C Uppoſing A and B to play cet her till ſuch time as Four 
8 Stakes are Won or Loſt on either fide: What muſt be their pro- 


portion of Skill, to make it as Probable that the Play will be End- 
ed in Four Games, as not? | 


SOLUTION. 


TIE Probability of the Pay pe; in Four Games, is 
| 4+ 4+ 


by the preceding Problem A Now becauſe, by 


3 +6] 
Fypothefis, it is to be an equal "Chance whether the Play 
Ends or Ends not in Four Games; let this expreſſion of the 


Probability be made equal ro =; And we ſhall have this 


5 4 | « | : 5 
Equation == = —, Which, making 6,4: : 1, & is re- 


45 | . L . 
duced to = =, or . 423 —622—4 2+ 1 =-0s 


X 1 
Let 1222 be added on both ſides the Equation, then will 
2+ — 423 ＋ 62 — 42 ＋ 1 be = 12223 and extracting 
the ſquare Root on both ſides, it will be reduced to this 
Qauadraticł Equation zz — 24 + IVI, whoſe double 
Root is & = 5, 274 and ——, Wherefore whether the Skill 
of A be to that of Bas 5.274 to 1, or as 1 to 5.274, there 
will be an equality of Chance for the Play to be Ended or 


not Ended in Four Games. 


PROBLEM XXXVI. 


S that A and B Play till ſuch time as Four Stakes 


are Won or Loſt : What muſt be their proportion of Skill, 
to make it a Wager of Three to One, that the Play will be End. 
ed in Four Games? | 


80 EL U 
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SOLUTION (> 
THE Probability of the Plays Ending in Four Games, 
ariſing from the number of Games Four, from the 
number of Stakes Four, and from the proportion of Skill 
is . The fame Probability atiſing from the odds of 


aÞ+b 5 * 5 
Three to One, is wy Wherefore * . and ſup- 


poſing b, 4: : 1, , the foregoing Equation will be changed 
into RE = , or 2*— 122 — 18 22 — 122 T 1 0. 


Let 56 K be added on both ſides the Equation, then we 
ſhall have 2 — 1223 + 3828 — 122 + 12 Z. And 
Extracting the ſquare Root on both fides, we fha 
22— 62+ 1 = 2V56, the Roots of which Equation will 


be found 13.407 and — +. Wherefore, whether the Sell 
of A be to that of B as 13.407 to x, or as 1 to 13.407, tis 
a Wager of Three to One, that the Play will be ended in 
Four Games. 


PROBLEM XXXVII. 


| VUppoſin that A and B Play till ſuch time as Four Stakes 
_J are 2 or Loft; What muſt be their proportion of Skill, 


to male it an equal Wager that the Play will be Ended in Six 
Games? ET | 


SOLUTION. 


| T HE Probability of the Plays Ending in Six Games, ariſing 


1 from the given number Six, from the number of Stakes 


Four, and from the proportion of Skill, is TRA _ V4 FE 15 : 


The ſame Probability ariſing from an equality of Chance for 
Ending or not Ending in Six Games, is equal to , from 


whence reſults the Equation . x 1422 : - = > which 


by making ö, 4: : 1, z may be changed into the following, 
Viz, 2 6 —132t —2023 — x3 22 +62+1=0. 


In 
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Ia this Equation, the Coefficients of the Terms equally 
diſtant from the Extreams being the ſame, let it be ſuppoſed 
that the Equation is generated from the Multiplication of two 
other Equations of the ſame nature, viz. zz — yz + 1 = o, 
and 2+ ＋ pz3 + qzz + pz + 1 = o. Now the Equation 
_ reſulting from the Multiplication of theſe two will be 


«* a2 r 
8 25 — py + 23 — py 22 STI So, 
„ 1 my | 
which being compared with the firſt Equation, we ſhall have 
p—J=6, 1—f8) +4 =—I Jy S#—9j = — 20. 
From hence will be deduced a new Equation, viz. „ + 6 y 
— 16 y — 32 = o, one of whoſe Roots will be 2.9644 ; 
which being ſubſtituted in the Equation zz — yz + 1 = o, 
we ſhall at laft come to the Equation zz — 2.9644 = + 1 = o, 
of which the two Roots will be 2.576 and —* It follows 


2.576 * 


therefore, that if the Skill of either Gameſter be to that of 
the other as 2.576 to 1; there will be an equal Chance for 
Four Stakes to be Loſt, or not to be Loſt, in Six Games. 
Corollary. If the Coefficients of the Extream Terms of an 
Equation, and likewiſe the Coefficients of the other Terms 
equally diſtant from the Extreams, be the ſame, that Equa- 
tion will be reducible to another, in which the Dimenſions 
of the higheſt Term will not exceed half the Dimenſions of 
the higheſt Term in the former. 


PROBLEM XXXVIIL 


Hs S ee A and B, whoſe proportion of Skill is as a to b, to 


Play together till ſuch time as A either Wins a certain num- 
ber q of Stakes, or B ſome other number p of them: What is 
the Probability that the Play will not be Ended in a gives num- 
ber of Games ? 


SOLUTIGN 


T AKE the Binomial a-+b, and rejeQing continually thoſe 
Terms in which the Dimenſions of the quantity 4 ex- 
ceed the Dimenſions of the quantity & by 4, rcjeAing allo 

G g thoſe 


| 
i} 

1 

4 


— <=—__ 3 


_ 7 Ü— rien” 
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thoſe Terms in which the Dimenſions of the quantity & ex- 
ceed the Dimenſions of the quantity 4 by p; multiply con- 
ſtantly the remainder by 4-+b, and make as many Multipli- 
cations, as there are Units in the given number of Games 
wanting one. Then ſhall the laſt Product be the Numerator 
of a FraQion expreſſing the Probability required; the Deno- 
minator of which Fraction always being the Binomial a + b 
raiſed to that Power which is denoted by the given num- 
ber of Games. 7 ns | 


EXAMPLE. 


LET p. be = 3,9 = 2, and let the given number of 


Games be = 7. Let the following Operation be made 
according to the foregoing directions. | 


a+b 
a+b 
aa) + 2ab + bb 
a+b | 2 
2a + 3abb+ (T5 
a+b | | 


"7-4 4250 + 5aabb + 3 ah3 
| a ＋ 5 


5 a3bb + 8 aabs + (3 abe 
| a ＋ 5 „ 


4 


5a%bb) 4 12 « a3h3 +8 aah+ - a 
I 34405 + 21 a3þ (+8 aabs. 


8 


— — A Ce ee ar 


„—— 


From this Operation we may conclude, that the Proba- 
bility that the Play will not be Ended in Seven Games 
is equal to —3 51 415 Now if an Equality of Skill 
be ſuppoſed between A and B, the Expreſſion of this _ 

| | bility 
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bility will be reduced to 4 or * Wherefore the 
Probability that the Play will End in Seven Games will 
be ; from which it follows that 'tis 47 to 17 that in Se- 
ven Games, either A wins two Stakes or B wins three. 


PROBLEM XXXIX. 


HE ſame Things being ſuppos d as in the preceding Problem, © 
zo find the Probability We the Plays being Endel in 4 gi- | 
ven number of Games. | 


SOLUTION. 


Irſt, If the Probability of the Plays not being Ended in 
the given number of Games be ſubtracted from Unity, 
there will remain the Probability of its being Ended in the 
ſame number of Games. 20 „ 
Secondly, This Probability may be expreſſed by means of 
the Terms rejected in the Operation belonging to the prece- 
ding Problem ; Thus, if the number of Stakes be Three and 
Two, the Probability of the Plays being Ended in Seven 
Games may be expreſſed as follows. up 


aa 2a 6 5aabb 


"x5 * 1+ mn 


TY 63 1 Saas 
55 aÞ+613 EP 28 * A 


Suppoſing « and & both equal to Doty: the ſum of the 


firſt Series will be = =>, and the ſum of the ſecond will 
be = =; which two ſums being added together, the ag- 
gregate . expreſſes the Probability that in Seven Games 


either A ſhall win Two Stakes or B Three. | 

Thirdly, The Probability of the Plays being Ended in a 
certain number of Games, or ſooner, is always compoſed of a 
double Series, when the Stakes are unequal ; which double 
Series is reduced to a ſingle one, in the Caſe of equality 
of Stakes. | | | 

The firſt Series always expreſſes the Probability there is that 
A, in a given number of Games, or ſooner, may win of B the 
num 
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number q of Stakes, excluding the Probability there is, that 
B, before that time, may. be in a circumſtance of winning 
the number p of Stakes. Both which Probabilities are not 
inconſiſtent together; for A in Fifreen Games, for Inſtance, 
or ſooner, may win Two Stakes of B, though B before thar 
time may have been in a circumſtance of winning Three 
Stakes of A. — 1 

The ſecond Series always expreſſes the Probability there is 
that B, in that given number of Games or ſooner, may win 
of A a certain number p of Stakes, excluding the Probability 
there is that A, before that time, may win of B the number 
9 of Stakes. | N 

The firſt Terms of each Series may be repreſented reſpect-. 
ively by the following Terme. 


a7 qab qXq+3Xaabb - + 4* 9+ 5Xa3b3 
i * a * * IX2Xa+Þ ? T Ia NA &c. and 

b? 1 pab_ pxp43Xaabb ee 
a+ÞÞ * 4 T IX 2X a+bl* * IXa X 3X 2＋ 0. 

Each of theſe Series continuing in that regularity, till ſuch 
time as there be a number p of Terms taken in the firſt, and 
a number q of Terms taken in the ſecond ; after which the 


Law of the continuation breaks off : 
Now in order to find any of the Terms following in either of 


theſe Series, proceed thus; let p + q—2 be called /; let the 


Coefficient of the Term deſired be 7; let alſo the Coefficients 
of the preceding Terms taken in an inverted order be S, R, 
Q, Pc. Then will T be equal to JS ART 
x N, Q—=x= x25 x &c. Thus if ↄ bez, 


and — then / will be 3 + 2 —2 = 3. Wherefore / S— 


L, x R would in this Caſe be equal to 3 S— R; 


I 


which ſhews that the Coefficient of any Term deſired would 
be conſtantly three times the laſt, inus once the laſt but one. 
To apply this, let it be required to find what Probability 
there is, that in Fifteen Games or ſooner, either A ſhall win 
two Stakes of B, or B three Stakes of 4; or which is all one, 
to find what Probability there is, that the Play ſhall end in 


Fifteen Games or ſooner, A and B reſolving to Play, till ſuch 


time as 4 either wins three Stakes, or B two. 
: Let 
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Let Two and Three, in the two foregoing Series, be ſub- 
ſlitured reſpectively in the room of 4 and p; then the three 
firſt Terms of the firſt Series will be, ſetting aſide the com- 
mon Multiplicator, 1 4 =: + ==: Likewiſe the two 
firſt Terms of the ſecond will be x + . Now becauſe 
the Coefficient of any Term deſired in each Series, is re- 
ſpectively three times the laſt, minus once the laſt but one, 
it follows, that the next Coefficient in the firſt Series will 
be 13, and by the ſame rule the next to it 34, and fo on. 
In the ſame manner the next Coefficient in the ſecond Se- 

ries will be found to be 8, and the next to it 21, and ſo on. 


Wherefore, reſtoring the common Multiplicators, the two Se- 
ries will be | 


42 22 12 +4 13 43 þ3 EE 7 a* 5¹ + 89 af b5 
ad * N * + a &1® ar | 1 EI * bi | a +89 
+ 233 46 bs 
Pöl“ 0 
þ3 345 8aabb 21 a3 43 5 a+ þ4 pa 
— X11 — = 2 
r + xz , +. 
377 a* 46 
+ a+b IS #® 


If we ſuppoſe an equality of Skill between 4 and B, the 
ſum of the firſt Series will be sg the ſum of the ſecond 


will be 22323, and the aggregate of theſe two ſums will 


be e which will expreſs the Probability of the Plays 


Ending in Fifteen Games or ſooner. This laſt Fraction be- 


ing ſubtracted from Unity, there will remain g, which 


expreſſes the Probability of the Plays continuing for Fifteen 
Games at leaſt: Wherefore tis 31171 to 1597, or 39 to 2 
nearly, that one of the two equal Gameſters, that ſhall be 
pitcht upon, ſhall in Fifteen Games, or ſooner, either win Two 
Stakes of his adverſary, or loſe Three to him. | 
N. B. The Index of the Denominator in the laſt Term of 
each Series, and the Index of the common Multiplicator pre- 
| H h fixt 


. DSTI ²˙ m ˙7«:• d — png nn” 
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fixt to it, being added together, muſt either equal the num- 
ber of Games given, or be leſs than it by Unity. Thus, in 
the firſt Series, the Index 12 of the Denominator of the laſt 
Term, and the Index 2 of the common Multiplicator being 
added together, the ſum is 14, which is leſs by Unity chan 
the number of Games given. So likewiſe in the ſecond Series, 
the Index 12 of the Denominator of the laſt Term, and the 
Index 3 of the common Multiplicator being added together, 
the ſum is 15, which preciſely equals the number of Games 
Ven. 
: It is carefully to be obſerved, that theſe two Series taken 
together, expreſs the ExpeQation of one and the ſame Perſon, 
and not of two different Perſons ; that is pioperly the Ex- 
ectation of a ſpectator who lays a Wager that the Play will 
| E Ended in a 3 number of Games. Yet in one Caſe 
they may expreſs the Expectations of two different Perſons: 
For [nſtance, of the Gameſters themſelves, provided that both 
Series be continued infinitely ; for in that Caſe, the firſt Se- 
ries infinitely continued will expreſs the Probability that the 
Gameſter 4 may ſooner win two Stakes of B, than that he 
may loſe three to him: Likewiſe the ſecond Series infinitel 
continued will expreſs the Probability that the Gameſter B 
may ſooner win three Stakes of 4, than that he may loſe 
two to him. And it will be found, when we come to treat 
of the method of ſumming up theſe Series, that the firſt Series 
infinitely continued will be to the ſecond infinitely continued, 
in the proportion of 44 x aa-F ab +bþ. to bx A; that. is, 
in the Caſe of an equality of Skill, as three to two; which 
is conformable to what we have ſaid in our IXch. Problem. 
Fourthly, Any Term of theſe Series may be found indepen- 
dently from any of the preceding ones: For if a Wager be laid 
that A ſhall either win a certain number of Stakes denomina- 
ted by 9, or that B ſhall win a certain number of them. deno- 
minated by p, and that the number of Games given be expreſſed 
by q+4d; then I ſay that the Coefficient of any Term in the 
ficſt Series, anſwering to that number of Games, will be 


+ xi x LED x LED x LE &c. conti- 
nued to ſg many Terms as there are Units in -d -+ 1. 


— 
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— — . X 24. x LE5== x —— &c.conti- 
nued to ſo many Terms as there are Units in — 4 + Ip. 

+ —x 22 AQ —— —..— &c. continu- 
ed to ſo many Terms as there are Units in —d ＋ —7 - 7. 

— 1 x . Ed —2 ve 14 &c. conti- 
nued to ſo many Terms as there are Units in A4 + 1 — 24 
n * „ &c. continued 


to ſo many Terms as there are Units in 4 ++ 1 —2p—29. 
— $79, = 1493. gc, continu- 
*r IEG ES oe 
ed to ſo many Terms as there are Units in dA x — 3p — 29. 
+ —x HE * | AE * 1 EE &c. conti 
nued to ſo many Terms as there are Units in Ed + 1 — 3p—349-- 
&c. „ | _ 
And the ſame Law will hold for the other Series, calling 
pr the number of Games given, and changing 9 into p, 
and p into g, as alſo d into 9. | 


But when it Happens that d is an odd number, ſubſti- 
tute 4— 1 in the room of it, and the like for J. 


__. PROBLEM 
F A and B, whoſe proportion of Skill is ſuppoſed as a to b, 
play - md ky the Probability that = of them, ſup- 
poſe A, may in 4 number of Games not exceeding a number given, 
win of B a certain number of States? Leaving it wholly indiſfe- 
rent whether B before the expiration of thoſe Games may or may 
vot have been in. a circumſtance of winning. the ſame, or any other 


number of Stakes of A. 


Uppoſing to be the number of Stakes which 4 is to 
win of B, and a the given number of Games; let 4-+b- 

be raiſed to the Power waole Index is »-+4 ; Then it d be 
| 5 an 
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an odd Number, take ſo many Terms of that Power as there 
are Units in L; take alſo as many of the Terms next 
following as have been taken already, but prefix to them, in 


an inverted order, the Coefficients of the preceding Terms. 


But if d be an even number, take ſo many Terms of the ſaid 


Power as there are Units in d 1; then take as many of 


the Terms next following as there are Units in 4, and 


prefix to them, in an iaverted order, the Coefficients of the 
preceding Terms, omitting the laſt of them; and thoſe Terms 


taken all together will compoſe the Numerator of a Fraction 


expreſſing the Probability required, its Denominator being 

aN. 1 
EXAMPLE I. 

SUppoſing the number of Stakes which 4 is to win to be 


Three, and the given number of Games to be Ten; let 
4 ＋ be raiſed to the tenth Power, viz. 4 + 10 4%＋ 45 450 


＋ 120476) + 2104 + 2524565 + 2104 + 1204 


+ 45 4a + 10 4b + bie. Then by reaſon that » is = 3 


and „ = 10, it follows that d is = 7, and . = ,, 


a 
Wherefore let the Four firſt Terms of the ſaid Power be 
taken, viz. 4% + 10 4% + 45 4*bb + 110 47 U, and let the 
Four Terms next following be taken likewiſe, without re- 
gard to their Coefficients; then prefix to them, in an Inverted 
order, the Coefficients of the preceding Terms: Thus the Four 
Terms following with their new Coefficients, will be 120.45 + 


+ 45 %, + 1040,“ + 14367, And the Probability which 
A has of winning Three Stakes of B in Ten Games, or ſoo- 


ner, will be expreſſed by the following Fraction, 


: a'*+ 104% + 45a%b 1204733 + 120% + 45455 + 104+b5 + a3? | 


— 


Tal 


which, in the Caſe of an equality of Skill between 4 and B 
will be reduced to — 5 e 5 


r — 


32 


E X- 
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EXAMPLE II. 
CUppoſing the number of Stakes which A is to win to be 


Four, and the given numher of Games to be Tea ; let 
a-+b be raiſed to the tenth Power, and by reaſon that » is = 4, 
_ andz+4= 10, it follows, that 4 = 6 and td+r=—4; 
| Wherefore let the Four firſt Terms of the ſaid Power be ta- 
ken, viz. 4 + 104% b + 45 a*bb + 1204763; take alſo 
Three of the 'Terms following, but prefix to them, in an in- 
veſted order, the Coefficients of the Terms already taken, 
_ omitting the laſt of them. Hence the Three Terms following 
with their new Coefficients will be 45 a* + 10 45 b5 + 1465. 
And the Probability which A has of winning Four Stakes of 
B, in Ten Games or ſooner, will be expreſſed by the follow- 


- 


ing Fraction ” 

a + 1099 b + 45 bb + 12047 b + 44, b. + 10955 + 1 a+4s 
- Te 

which, in the Caſe of an equality of Skill between A and B, 


1 232 2 9 
will be reduced to Ten- or -A- 


1 8 O L U'TITON. 


CVppoſing, as before, that » be the number of Stakes which 
_ MB A1is to win, and that the given number of Games be »+4 
the Probability which 4 has of winning will be expreſſed by 
the following Series, viz. 8 


"TS, 


an n 4 6 n*Xn+3Xaabb MINI TAL 
a+ 818 * a+6\* ” IX 2X a+)? P IX2X3XN ATU 5 
L 7Xa*+ o._ FS 
T IX2X3X4Xa-Fbl8 &c. 


which Series ought to be continued to ſo many Terms as 
there are Units in - d + 1; always obſerving to ſubſti- 


tute d—1 in the room of d, in caſe d be an odd number, or 
which is the ſame thing, taking ſo many Terms as there are 


Units in . 


11 * Now 


. : * 
As Ls So BE l 7 7 3 
. ? 


> x E — — — — *. 


— 
. 


— — — 1 - 2 — 2 — on 3 
* 8 1 . > =_ 
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Now ſuppoſing, as in the firſt Example of the preceding 
Solution, that Three is the number of Stakes, and Ten the 
given number of Games, as alſo that there is an equality of 
Skill between 4 and B, the foregoing Series will become 


I 4 "ih . 
- * 1 ＋ — ＋ — — a before. 


M Oaſieur ds Monmort, in the Second Edition of his 
Book of Chances, having given a very handſom So- 


lution of the Problem relating to the duration of Play, (which 


Solution is coincident with that of Monſieur Nicolas Bernoul- 
ly, to be ſeen in that Book) and the Demonſtration of it be- 
ing very naturally deduced from our firſt Solution of the fore- 
going Problem, I thought the Reader would be well pleaſed 


to ſee it transferred to this place. 
Let it therefore be propoſed to find the number of Chan- 
ces there are, for 4 either to win Two Stakes of B, or for B 


to win Three of 4 in Fifteen Games. 

The number of Chances required is expreſſed by two Bran- 
ches of Series; all the Series of the firſt Branch taken together 
expreſs the number of Chances there are for 4 to win Two 
Stakes of B, excluſive of the number of Chances there are 
for B, before that time, to win Three Stakes of 4. All the 


Series of the ſecond Branch taken together expreſs the num- 


ber of Chances there are for B:to win Three Stakes of A, 


excluſive of the number of Chances there are for 4, before 


that time, to win Two Stakes of B. - 
a Firſt Branch of SERIES. 


— } —= 15 — 105 — 455—455 —I05=— 15 — 1 
+ 1+ 15+ +» 


Second Branch of SERIES. 


= 1 — 15 — 105 — 455 —1365 — 455 = 105 — 15 — 1 
TT 4+ FX 2 - 


415 4145 aisb⸗ az anbt ale; ass adh? abs abs ahi ahi b 
1+15+105+455+1365+3002-+5005+5005+3003+1365Þ+455+105+15 


+1 


þ's brug In hi hit hieas ba- bar bias bas bia 54a þagns 
1415 ＋ 105 455 T 1365 ＋ 3003 5005 +3003+1365+455+105 + 15+1 


The 


* 
"WW 
* 
* *, 
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The literal Quantities, which are commonly annext to the 
numerical ones, are here written on the top of them; which 
is done, to the end that each Series being contained in one line, 
the dependency they have upon one another, may thereby be 
made the more conſpicuous. — 

The firſt Series of the firſt Branch expreſſes the number of 
Chances there are for A to win Two Stakes of B, including 
the number of Chances there are for B, before the expira- 
tion of the Fifteen Games, to be in a circumſtance of winning 
Three Stakes of 4; which number of Chances may be de- 
duced from our foregoing Problem. | | 

The ſecond Series of the firſt Branch is a part of the firſt, 
and expreſſes the number of Chances there are, for B to win 
Three Stakes of 4, out of the number of Chances there are 
for A in the firſt Series, to win Two Stakes of B. It is to 
be obſerved about this Series, Firſt, that the Chances of B 
expreſſed by it are not reſtrained to Happen in 0 Order, 
that is, either before or after 4 has won Two Stakes of B. 
Secondly, that the literal Products belonging to it are the ſame 
with thoſe of the correſponding Terms of the firſt Series. 
Thiraly, that it begins and ends at an interval from the firſt 
and laſt Terms of the firſt Series equal to the number of Stakes 
which B is to win. Fourthiy, that the numbers belonging to 
it are the numbers of the fen Series repeated in order, and 
continued to one half of its Terms; after which thoſe num- 
| bers return in an inverted order to the end of that Series: 
Which is to be underſtood in caſe the number of its Terms 
ſhould Happen to be even, for if it ſhould Happen to be 
odd, then that order is to be continued to the greateſt half, 
after which the return is made by omitting the laſt number. 
Efthly, that all the numbers of it are Negative. 

The Third Series of the firſt Branch is a part of the ſe- 
cond, and expreſſes the number of Chances there are for 4 
to win Two Stakes of B, out of the number of Chances 
there are in the ſecond Series, for B, to win Three Stakes of 
A; with this difference, that it begins and ends at an inter- 
val from the firſt and laſt Terms of the ſecond Series, equal 
to the number of Stakes which A is to win; and that th 
Terms of it are all Poſitive. | | 


It 


224 The Docrtrint of CHANCES. 


Tt is to be obſerved in general that, let the number 
of theſe Series be what it will, the Interval between the 
beginning of the firſt and the beginning of the ſecond, is to 
be equal to the number of Stakes which B is to win; and 
that the Interval between the beginning of the ſecond and 


the beginning of the third, is to be equal to the number 


of Stakes which 4 is to win ; and that theſe Intervals re- 
curr alternately in the ſame Order. It is to be obſerved like- 
wiſe, that all theſe Series are alternately Poſitive and Nega- 
tive. ä 

All; the Obſervations made upon the firſt Branch of Series 
belonging alſo to the ſecond, it would be needleſs to ſay any 
more of them. 5 * 

Now the ſum of all the Series of the firſt Branch, being 
added to the ſum of all the Series of the ſecond, the aggre- 
gate of theſe ſums will be the Numerator of a Fraction ex- 
preſſing the Probability of the Plays terminating in the given 
number of Games; of which Fraction the Denominator is the 


we had before found in our XXXIX. Problem. 


PROBLEM XLII. 
£ O Find what Probability there is, that in a given number 


of Games, A may be winner of a certain number q of States; 
and at ſome other time, B may likewiſe be winner of the number p 


of Stakes, ſo that both circumſtances may Happen. 
S0 Lu. 
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SOLUTION. 


I ND, by our XLzthþ Problem, the Probability which 4 
has of winning, without any Limitation, the number q of 
Stakes: Find alſo by our XXXIVrh Problem the Probability 
which 4 has of winning that number of Stakes before B ma 
Happen to win the number y; then from the firſt Probability 
| ſubtracting the ſecond, the remainder will expreſs the Probabi- 
lity there 1s, that both 4 and B may be in a circumſtance of 
winning, but B before 4. In the like manner, from the proba- 
bility which B has of winning without any Limitation, ſub- 
tracting the Probability which he has of winning before 4, the 
remainder will expreſs the Probability there is, that both 4 
and B may be in a circumſtance of winning, but A before B. 
W herefore adding theſe two remainders together, their ſum 
will expreſs the Probability required. 
Thus, if it were required to find what Probability there is, 
that in Ten Games A may win Two Stakes, and that at ſome 
other time B may win Three. The firſt Series will be found 
to be, p | 


5 aa bb I 4 43 63 4 2a þ+ 


aa „ be ä 
a+ * 2 FIN . a + bl* 8 a ＋ 116 * a+d* Sz 
The ſecond Series will likewiſe be found to be 


22 —— 2 §⅛—ö ns 
==» * 1+ , ann.” 


a3 g3 84 45 


he difference of theſe Series being ==: x 3 + 
expreſſes the firſt part of the Probability required, which, in 
the Caſe of an equality of Skill between the Gameſters, would 
be reduced to . 
The Third Series is as follows, 


5³ b a ab 8 4363. 

: WI 1 2 — 
ee +07 + 
The Fourth Series is 
== | 16 84226 U 21455 
Do TR : 

1 p - * ; T7 8 _ ; 7 $3 424260 : 7.43 63 

11 i | r 1 — 8 

The difference of theſe two Series being - T +t Er 

K k expreſ- 
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expreſſes the ſecond part of Probability required, which, in 
the Caſe of an equality of Skill, would be reduced to 


Wherefore the Probability required would in this Caſe 


. 77. . 
be r M = =. Whence it follows, that cis a Wa 


ger of 495 to 17, or of 29 to 1 very nearly, that in Ten Games, 
A and B may not both be in a circumſtance of winning, viz. 
A the number q, and B the number p of Stakes. Bur if, by 
the conditions of the Problem, it were left indifferent whether 
4A or B ſhould win the Two Stakes or the Three, then the 
Probability required would be increaſed, and become as fol- 
lows, vis. | | 


aaÞ+6b WO a3 $3 he 
a+b\* a+ 55 a+b)® 


3443 aabb 1 
TIE air Toe. 


which, in the Caſe of an equality of Skill between the Game- 
ſters, would be the double of what it was before. 


PROBLEM XIII. 


O Find what Probability there is, that in a given num- 

ber of Games, A may win the number q of States; with 
this farther condition, that B, during that whole number of Games, 
may never have been winner of the number p of Stakes. 


SOLUTION. 


Rom the Probability that A has to win without any limi- 
tation the number 4 of Stakes, ſubtract the Probability 
there is that both 4 and B may be winners, viz. A of the 
number q, and B of the number p of Stakes, and there will 
remain the Probability required. 
But, if the conditions of the Problem were extended to 
this alternative, viz. that either 4 ſhould win the number 
of Stakes, and B be excluded the winning of the number p; 
or that B ſhould win the number p of Stakes, and A be ex- 
cluded the winning of the number q, the Probability that 
either the one or the other of theſe two Caſes may Happen, 
will eaſily be deduced from what we have ſaid. 


LE M- 
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LEMMA I. 


[| N any Series of Terms, whereof the firſt Differences are equal, 
the Third Term will be twice the Second, minus once the Firſt ; 


and the Fourth Term likewiſe will be twice the Third, minus once 


the Second: Each following Term being always related in the ſame 


manner to the two preceding ones. And as this relation is expreſ. 
fed by the two Numbers 2 — 1, I therefore call thoſe Numbers 


the Index of that Relation. 


In any Series of Terms, whoſe ſecond Differences are equal, the Fourth 


Term will be three times the Third, minus three times the Second, 
plus once the Firſt : And each Term in ſuch a Series is always re- 
lated in the ſame manner to the three next preceding ones, ac- 
cording to the Index 3— 3-1. Thus, if there be a Series of 
Squares, ſach as 4, 16, 36, 64, 100, whoſe ſecond differences are known 
to be equal when their Roots have equal Intervals, as th.y have 
in this Caſe, it will be found that the Fourth Term 64 is = 
3x36 —3 x16 + 1X4, and that the Fifth Term 100 is = 
3x64—3x36+1x16. In like manner, if there were 4 Se- 
ries of Triangular numbers, ſuch as 3, 10, 21, 36, 55, whoſe ſe- 


cond Differences are known to be equal, when their ſides have equal 


Tatervals, as they have in this Caſe, it will be found that the Foarth 
Term is = } x21 - 3 10 ＋π x }, and that the Fifth Term 
15 on, x 36 —3x21—+1.-X10; and ſo on. 

So likewiſe, if there were a Series of Terms whoſe Third Diffe- 
rences are equal, or whoſe Fourth Differences are = o; ſuch as is 
4 Series of Cubes or Pyramidal numbers, or any other Series of num- 
bers generated by the Quantities ax; + bxx + cx + d, whez a, b, 
c, d being conſtant Quantities, x is interpreted ſucceſſively by the 
Terms of any Arithmetic Progreſſion : Then it will be found that 
any Term of it is related to the Four next preceding ones, accor- 
ding to the following Index, viz. 4 — 6 + 4 — 1, whoſe parts are 
the Coefficients of the Binomial a — b raiſed to the fourth Power, 
the firſt Coefficient being omitted, 


And generally, if there be any Series of Terms whoſe laſt Diffe- 


rences are = O. Let the number denoting the rank of that diffe- 
rence be n; then the Index of the Relation of each Term to as 
many of the preceding ones as there are Units in n, will be ex- 


preſſed by the Coefficients of the Binomial a — b raiſed to the 


Power n, omitting the firſt, Bat 
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Bua. if the Relation of any Term of a Series to a conſtant num- 


ber of preceding Terms, be expreſſed by any other Tndices than thoſe 
which are compriſed under the foregoing general Law; or even if, 
thoſe Indices remaining, any of their Signs + or — be changed, 
that Series of Terms will have none of its differences equal to 


Nothing. 
LEMMA U. 


IF in any Series, the Terms A, B, C, D, E, F &. be conti- 
nually decreaſing, and be ſo related to one another that each of 


' them may have to the ſame number of preceding Terms a certain 
gen Relation, always expreſſible by the ſame Index; 1 ſay, that 


the ſum of all the Terms of that Series ad infinitum may always 
be obtained. : 15 | | 8 
Firſt, Let the Relation of each Term to the two preceding ones 
be expreſſed in this manner, viz. Let C be = m Br — nArr; 
and let D likewiſe be = m Cr — n Brr, and ſo o: Then will 


the ſum of that Infinite Series be equal to —.— m IT _ 


Thas, if it be propoſed to find the ſum of the following Series, 
99 E F 1 
viz, Ir +3 rr ＋ FTT +grfi+1ir +130 &. 
whoſe Terms are related to one another in this manner, viz. C —= 
2rB—irrA, D=2rC—1rrB cc. Let m andn be made 
reſpect᷑iveſy equal to 2 and 1, and theſe Numerical Quantities be- 
ing Subſtituted, in the room of the literal ones, in the general 
Theorem, the ſam of the Terms of the foregoing Series will be 


found to be equal to — — D ; or 10 — . 
Let it be alſo propoſed to find the ſum of the following Series 
a 1B C D ES: F G6 
Ir ＋ 3 rr ＋ 4 +7 Ir 18 r +2977 &c. 
whoſe Terms are related to one another in this manner, viz. C — 
x Br +1Arr, D= x Cr + 1 Brr &c. Let m and n be re- 
ſpectively made equal to 1 and — 1, and then that Series will be 


| r+3rr=rr r+2rr 
found equal 40 e Or tO 1 . 


DEMON- 
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DEMONSTRATION. 
Let the following Scheme be written down, wiz. 
A=4 
B = B. 


C m By — Are 

D —= mCr — a Bry 

E = mDr — n Crr 

F mM Er — 2 Drr 

© Kc. | | 

This being done, if the ſum of the Terms 4, B, C, D, E, 
F Kc. ad inſinitum, compoſing the firſt Column, be ſuppoſed 
ual to x, then the ſum of the Terms of the other two Co- 
lumns will be found thus: By Zhpothefis, 4+ B+ C+D+E 


&c. = &, or B +C +D+E &c. = x — A; and Multi- 
plying both ſides of this Equation by r, it will follow that 


m Br + mCr + m Dr M Er &c. is =mr x —my A. 
Again, adding A-—+-B on both ſides, we ſhall have the ſum 

— the Terms of the ſecond Column, viz. 4 + B + m Br 
+ mCr + mDr &c. equal to 4 +B + mr x — mr A. The 


ſum of the Terms of the third Column will be found by bare 


inſpection to be — zr rx. But the ſum of the Terms contain'd 


in the firſt Column, is equal to the other two ſums contained 


in the other two Columns. Wherefore the following Equa- 
tion will be had, viz. x = 4 + B+ mrx — mr A—prrx; 
from whence it follows that the value of x, or the ſum of all 


the Terms 4 + B ++C©+ D E &c. will be equal to 


A+B—mrA_ 
1 -—-mr+narr 


Secondly, Let the Relation of each Term to the three next 
preceding ones be expreſſed as follows, viz. let D be m Cr 
2 Brr + p AN, and let E likewiſe be = Dr — » Crr 
+ pBri, and ſo on: Then will the ſum of all the Terms 
A BAT CDA E Rc. ad infinitum, be equal to 
ArBT C- AT rA 
| —mYB 
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of the following Series, 
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To apply this Theorem, let it be propoſed to find the ſum- 


A B, "ork D E F G 
AI +161r +36 + 64 ＋ 100 + 14475 + 196 77 Kc. 
whoſe Numerical Quantities are related to one another accor- 
ding to the Index 3 — 3 + 1, correſponding tom - p: 
Let therefore 3, 3, t be ſubſtituted in the room of , u, p; 
let alſo 4r, — 16 77, 36 * be ſubſtituted in the room of 4, B, C: 
Then the ſum of the Terms of the foregoing Series will 


be found equal to 4 EIS. +3612 — 12er— 487 + 12 75 


1 — 31 Tr = . — 
A + 4rr 
1 | 


And in like manner the ſam of the Terms of the following 

Series, viz. 5 | 3 

1 ＋zrr＋ 5 ＋ 201 +7275 + 26175 + 947 7 &c. whoſe 

Numerical Quantities are related to one another according to 
the Index 3+ 2 + 1, will by a proper ſubſtitution, be found 

to be equal to 


12 3 —- 217 — #3 o- 


Thirdly, Let the Relation of each Term of a Series to four 
of the preceding Terms be expreſſed by means of the Index 
m — » + p — 4, and the Sum of that Series will be 

4+ BF ct D = mr At nrr A — pr . 


— wr B-parrB 
—mrc Rr: 


1— mrpurr—pr3 2 


Fourthly, The Law of. the continuation of theſe Theorems 
being manifeſt, they may be all eaſily comprehended under 
one general Rule. | 

Pifthly, If the correſponding Terms of any two or more 
Series, generated after the manner which we have above de- 
ſcribed, be multiplyed by one another, the new Series reſult- 
ing from that multiplication, will alſo be exactly ſummable: 
Thus, taking the two following Series, viz. 


7 +2rr +37 +511 + 85 + 137* &c. 


_r+3r+41i+71+1175+1875 &c. in both of 
. | | which 


» 
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which each Numerical Quantity is the ſum of the two preceding 


ones; the Series reſulting from the multiplication of the cor- 
reſponding Terms will be | 


Tr + 611 + 1215 +3550 + 88 + 2347"* &c. 
in which each Numerical Quantity being related to the three” 
preceding ones, according to the Index 2 + 2 — r, the ſum 


of that Series will be found to be = A = 


1 — a2rr— 21 ＋ 
as will appear, if in the room of - -+ 5 there be CR 
tuted 2 ＋ 2 — x, and rr be written inſtead of 7. 

When the Numerical Quantities belonging to the Ferms of 
any Series are reſtrained to have their laſt differences equal 
to Nothing; then may the ſums of thoſe Series be alſo found 
by the following elegant Theorem, which has been commu- 
nicated to me by Mr. de Monmort. 

Let Ar be the firſt Term of the Series, and let the firſt, 
ſecond and third differences, &c. of the Numerical Quantities 
belonging to the Terms of the Series, be reſpectively equal 
to d' d,, d,, &c. Then will the ſum of the Series be equal 
to 85 5 


7 1 : 55 a”? | 1 7'” LL 
=; + =0" 7 200 7 ET T2109 


Thus, if it were propoſed to find by this Theorem the 
fum of the following Series, viz. | 


Ar + 16rr + 361* ++ 64r7*+ 1007! &c. 


It is plain that in this cafe 4 is 4, d' = 12, 4 = 8, 
_ 4 = ©; and therefore that the ſum of this Series is equal to 


—_— + rr = which is reduced to —— 


Ur Method of ſumming up all the Terms which in theſe 
Series are related to one another according to conſtant 
Indices, may be extended ro the finding of the ſum of any 
determinate number of thoſe Terms. Thus, if 4, B, c, D 
be the firſt Terms of a Series, and U, &, 7, be the laſt, 
then will the ſum of the Series be . ; 
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ur 4 ur A -p 4 + gr+U 
IB u r B A urr B -r X & 
+ C mr CF AurrT —priT + HT 
+D—mirZ+nurrf —priZ + qr+Z 


1 ur + mr — pri + gr+” 


And if a general Theorem were deſired, it might eaſily be 
formed from the inſpection of the foregoing. 

Theſe Theorems are very uſeful for ſumming up readily 
thoſe Series which expreſs the Probability of the Plays bein 
Ended in a given number of Games. For example, ſuppoſe 
it be required to find w hat Probability there is, that in Four 
and twenty Games, either 4 ſhall win Four Stakes of B, or 
3 Four Stakes of 4. The Series expreſſing that Probability is, 
from our XXXIV+h Problem | : 


N ! 
e ee e e r Ke. 
or, ſuppoſing an equality of Skill between the two Game. 


ſters, — 1+ — + + + T + &c. which 
ought to. be continued to eleven Terms independently from 
the common Multiplicator. Let this Series, whoſe Terms are 
related according to the Index 4 — 2, be compared with the 
Theorem, making A = 1, B&B = — = 1, Mm=.4, # = 2. 
and neglecting the Terms C, D, U, A, the ſum of the afore- 
ſaid Series will be found = 8 + Y— 7 Z; which being mul- 
tiplied by the common Multiplicator prefixt to it, the 
Probability required will be expreſſed by x + Y 2. 
Wherefore nothing remains to be done but to find the two 
laſt Terms Tand : But thoſe two Terms, by our X XXIV. 


Problem, will be found to be e and 2, or 


0.2902, and 0.2477 nearly; which numbers being ſubſtituted 
reſpectively in the room of Jand & the Probability required 
will be found to be equal to 0.8193 nearly. Let now this 
laſt number be ſubtracted from Unity, and the remainder 
being o. 1807, it follows, that tis a Wager of 82 to 18, or 
of 41 to 9 nearly, that in Twenty four Games or ſooner, either 
A ſhall win four Stakes of B, or B four Stakes of 4. 

Ir 
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If the number of Stakes were Five, the ſum of the Terms 


of the Series belonging to that Caſe would alſo be expreſt by 
means of the two laſt Terms, ſuppoſing any given number of 


Games, or any proportion of Skill. If the number of Stakes 
were Six or Seven, the ſum of the Series belonging to thoſe 
Caſes Would be expreſt by means of the three laſt Terms; 


If Eight or Nine, by means of the Four laſt Terms, and ſo 
on EE 


LEMMA III. 


FF there be a Series of Numbers, as A, B, C, D, E &c. whoſe 
Relation is expreſt by any conſtant Index, and there be another 
Series of Numbers, as P, Q, R, 8, T &Cc. whoſe laſt Differences 
are equal to Nothing; and each Term of the firſt Series be Multi- 
plied by each —_— Term of the ſecond, I ſay that the Pro- 
ducts AP, BQ, CR, DS, ET &c. conſtitute a Series of Terms, 
whoſe Relation may be expreſt by a conſtant Index. Thus if we 
take the Series 1, 2, 8, 28, 100 &Cc. whoſe Terms are related by 
the Index 3 ＋2, aud each Term of that Series be reſpectively 
Maltiplied by the correſponding Terms of an Arithmetic Progreſ- 
ſion, ſuch as 1, 3, 5, 7, &c. whoſe laſt Differences are equal 
to Nothing: Then it will be found that the Products 1, 6, 40, 
196, 900 &c. conſtitute a Series of Numbers, each Term of which 
zs Related to the preceding ones according to the Index 6 — 5 — 
12 — 4 Nom the Rule for finding the Index of this Relation 
is as follows. 

Take the Index which expreſſes the Relation of the Terms in 
the firſt Series, and Multiply each Term of it by the correſponding 
Terms of the Literal Progreſſion r, rr, 13 &c. which being done, 
ſubtract the ſum of theſe Products from Unity ; then let the remain» 

der be raiſed to its & Bae the ſecond Series be compoſed of 
Terms in Arithmetic Progreſſion; or to its Cube, if it be compoſed 
of Terms whoſe third Differences are equal to Nothing; or to its 
fourth Power, if it be —_— of Terms whoſe fourth Differences 
are equal to Nothing; and ſo on. Let that Power be ſubtracted 
from Unity, and the remainder, having cancelled the Letter r, will 
be the Index required, Thas in the foregoing Example, having ta- 
ken the Index 3+2, which belongs to the firſt Series, and Multi- 
plied its Terms by r and rr * let the Product zr + _ 
EP n m | e 
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be ſubtrafled from Unity, and the Square of the remainder being 
x—6r—+5rr + 1213 + 4 ½ let that Square be alſo ſubtracted 
from Unity, then the remainder, having cancelled the Letter r, will 
ve 6 — 5 —12 — 4, which is the Index required. 5 
But in caſe neither of the two firſt Series have any of their 
laſt Differences equal to Nothing, yet if in both of them the Rela- 
tion of their Terms be expreſſed by conſtant Indices, the third Se- 
ries, reſulting from the Multiplication of the correſponding Terms 
of the two firſt Series, will alſo have its Terms related to one ano- 
ther according to a conſtant Index. Thus, taking the Series 1, 3, 
5, 11, 21, 43 &C. the Relation of whoſe Terms is expreſſed by 
means of the Index 1+2, and Multiplying its Terms L the core 
reſponding Terms of the Series 1, 2, 5, 13, 34, 89 &C. the Rela- 
tion of whoſe Terms is expreſſed by the Index 3—1, the Produtts 
will compoſe the Series 1, 6, 25, 143, 714, 3827, whoſe Terms are 
Related to one another according to the Index 3 + 13 — 6 — 4. 
Generally, j the Index expreſſing the Relation f the Terms in 
the firſt Series be mn, and the Index expreſſing the Relation of 
the Terms in the ſecond Series be p+q; then will the Index of the 
| Relation, in the Series reſulting from the Multiplication of the cor- 
reſponding, Terms of the Two firſt Series, be expreſſed by the fol- 


| —mmgq | 
viz mp npp + mnpq=— nnqq. 
+ 42 | | 


Bat if it ſo Happen that p be equal to m, and q ton; then the 
foregoing Theorem may be contratted, and the Index of the Rela» 

vw mm-+mmn | 
tion may be expreſſed as follows, viz. 3 
ſo that the Relation each Term to the preceding ones need not be 
extended, in this Caſe, to any more than three Terms. 

And in like manner other Theorems may be found, which may 
be extended farther, and at laſt be comprized ander one general 


PRO. 
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PROBLEM XIII. 


O Uppoſing A and B, whoſe proportion of Skill is as a to b, 


to Play together, till A either wins the number q of Stakes, 


or loſes the number p of them; and that B Sets at every Game the 


ſam G to the ſum L: It is required to find the Advantage, or 
Diſaduantage of A. "WET 


SOLUTION. 


be alſo an equality of Skill between the Gameſters : Then 
I fay, the gain of A will be pp x-<= that is, the Square 
of the number of Stakes which either Gameſter is to win 
or loſe, Multiplied by one half of the Difference of the va- 
lue of the Stakes. Thus, if 4 and B play till ſuch time 
as Ten Stakes are won or loſt, and B Setts a Guinea to 


Twenty Shillings ; then the gain of 4 will be a hundred 


times half the Difference between a Guinea and Twenty 


Shillings, viz. 3/— 15, bil. 

Secondly, Let the number of Stakes be unequal, ſo that A 
be obliged either to win the number q of Stakes, or to loſe 
the number p; let there be alſo an equality of Chance be- 
tween A and B: Then I ſay, that the gain of 4 will be 
Pq x <=; that is, the Product of the two numbers of Stakes, 


and one half of the Difference of the value of the Stakes Mul- 
tiplied together. 'Thus, if 4-and 5 together till ſuch 
time as either 4 wins Eight Stakes, or loſes Twelve; then 
the Gain of 4 will be the Product of the Three numbers 
8, 12, 9, which makes 864 pence, or 3/— 12% 


Thirdly, Let the number of Stakes be equal, but let the 


number of Chances to win a Game, or the Skill of the Game- 
ſters be unequal, in the proportion of 4 to b. Then I ſay, 


: : par— pb? 1 
that the ann OT N— 


 Foarthlyy 


nt, Let the number of Stakes to be won or loſt on ei- 
ther ſide be equal, and let that number be p; let there 


. 8 IDO? : 4 7 2 . 
— — — 4 —_ — 7 — —_—— — MPR on * 7 
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Fourthly, Let the number of Stakes be uncqual, and let ak 
ſo the number of Chances be unequal : Then I ſay that the 


| gain of A will be qaixal—bY—pb?Yxai—t a G—bL 


DEMONSTRATION. 


N order to form a general Demonſtration of theſe Rules, 
let us reſolve ſome particular Caſes of this Problem, and 
examine the proceſs of their Solution : Let it therefore be 
propoſed to find the gain of 4 in the Caſe of Four Stakes 
to be won or loſt on either ſide, and of an equality of Chance 
between A and Bto win a Game. 'There being an _— 
of Chance for 4, every Game he plays, to win G or to loſe 
I, it follows, that the gain of every Game he plays is to be 
reputed to be 2E. But it being uncertain whether any 


2 


more Games than Four will be play'd, it follows, that the 
gain of the Tenth Game, for inſtance, to be eſtimated be- 
fore the play begins, cannot be reputed to be ; for it 
would only be ſuch provided the Play were not Ended be- 
fore that Tenth Game: Wherefore the gain of the Tenth 
Game is the Quantity L. Multiplied by the Probability 


2 


of the Plays not being Ended in Nine Games, or before, 
for the ſame reaſon, the gain of the Ninth Game is the Quan- 


tity — Multiplied by the Probability that the Play will 
not be Ended in Eight Games: And likewiſe the gain of the 
Eighth Game is the Quantity = Multiplied by the Pro- 
bability that the Play will not be ended in Seven Games, 
and ſo on. From whence it may be concluded, that the gain 
of A, to be eſtimated before the Play begins, is the Quan- 
tity , Multiplied by the ſum of the Probabilities that the 
Play will not be Ended in o, 1, 2, 3, 4, 5, 6, &c. Games 
ad infinit am. 5 

Let thoſe Probabilities be reſpectively called 4', B., C, D, 
E“, F, G', &c. Then, becauſe the Probability of the Plays 
not being Ended in Five Games is equal to the Probability 
of its not Ending in Four, and that the Probability of its 
not Ending in Seven, is equal to the Probability of its not 


Ending 


The DocrRxINE of CHAN cEs. 137 


Ending in Six, it will follow, that the ſum of the Probabilities 
belonging to all the Even Games is equal to the ſum of the 


Probabilities belonging to all the Odd ones: We are therefore 
only to find the ſum of all the Even Terms, 4 + C' + 
E + G' &c. and to double it afterwards. | 


Now it will appear, from our XXXIII Problem, that 
theſe Terms conſtitute the following Series, vis. 8 


3 4 „ 164 80 1912 
P FI 7x RT + IT Kc. 


In which Series, each Numerator being Related to the two 


preceding ones according to the Index 4 — 2, and each De- 


nominator being a Power of 4, it follows, that this Series may 
be compared with the firſt Theorem of our ſecond Lemma; 


by making the firſt and ſecond Terms A and B, uſed in that 


Theorem, to be reſpectively equal to x and => making alſo 
the Quantities , u, r reſpeQively equal to 4, 2, — Which 


being done, it will be found that the ſum of all thoſe Terms 


ad infinitum will be equal to 8. | 
We may therefore conclude that the ſum of all the Terms 
A' + B' +C' +D”+E/ &c. is equal to r6, and that 

che gain of A is equal to 16 x ©. 
But if the number of Chances which A and B have to win 


a Game, be in a proportion of inequality, then the ſum of 
the Series A'+C'+E'+6' +7” &c. will be found 


thus: Let ==5- be called r, and the Terms of that Series 
will be Related to one another as follows, viz. E'= 4 C'r — 


2 d4'rr, G'= 4 E'r—2 Cr, and ſo on. Let therefore 4, 
25 1, 1, be reſpectively ſubſtituted, in the firſt Theorem of our 


ſecond Lemma, in the room of m, », A, B/; and the ſum of 


this Series will be found to be ———i=—; in which ex- 


preſſion, reſtoring the value of r, viz. - = , the ſum of the 
Series will become LN, the double of which 


is the ſum of all the Terms 4 + B' + C' + D' + Z' &c. 


Bur becauſe, in eyery Game, the Gameſter 4 has the num- 
ber 4 of Chances to win 6, and the number 4 of Chances 


10 loſe L; it follows, that his gain in every Game is equal 
3 'n to 
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to <8 7 From whence it may be concluded, that the 
Advantage of 4, to be eſtimated before the Play begins, 


X 2 22 1 281 
will be <= GENT . 5 9 

Before we proceed farther, we muſt obſerve, that the Se- 
ries 4' + B +C' + D' + Z' + F“ &c. which we have aſ- 
ſumed to repreſent in general the Probabilities of the Plays not 
being Ended in o, 1, 2, 3, 4, 5 Kc. Games, whether the Stakes 
be equal or unequal, being divided into two parts, viz. 4 + 
C + E' + G/ ke. and BY + D' + F' + E &c. anſwer- 
ing to o, 2, 4, 6 &c. and 1, 3,5, 7, &c. each Term of theſe 
two new Series will be related to the preceding ones, accor- 
ding to the ſame Law of Relation, as are the Terms of thoſe 
Series which expreſs the Probabilities of the Plays being End- 
ed in a certain number of Games, under the like circum- 
ſtances of Stakes to be won or Loft. The Law of which 
Relation is to be deduced from our KXXXIV#h, and XXI 
Problems. . : | | 

If the number of Stakes to be won or loſt on either ſide 
be equal to Six, and the proportion of Chances to win a 
ſingle Game be as 4 to &; then the Relation of each Term 
to the preceding ones, in the Series 4 + C' + E' + G' &c. 
will be expreſſed by the Index 6 — 9g + 2. Wherefore to 
find the ſum of theſe Terms, let the Quantities 6, 9, 2, 1, 
x, 1, be reſpectively ſubſtituted, in the third Theorem of 
our ſecond Lemma, in the room of , u, p, A, B., c', and 
the ſum of thoſe Terms will be found to be 


- . — 6 | | 
e fab or 3 — 127 + 2 2 1 hi h 
I—=6r +grr — 21? 4 r . —arl + all —"—_ 


preſſion ſubſtituting —=- in the room of 7, the fame will 
EELESTTIIESTIEP. all 
| | a* + b® 

- conclude, that the gain of 4 will be 


1 From whence we may 


6614 X* 2 * „22 


g 277 RP. 


C 


let the numbers 1, 1, 5, 5, be reſpe&ively ſubſtituted in the 
aforeſaid Theorem, in the room of the Letters A*, B, m, n; 
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Again, if the number of Stakes to be won or loſt on ei- 


ther fide be Bight, it will be found, that the gain of 4 will 
be X. 


85 + b® | 244 o» 
But the Numerators of the foregoing Fractions being in 


*Geometric Progreſſion, if thoſe Progreſſions be ſummed up, 
the gain of 4, in the Caſe of Four Stakes to be won or loſt, 


may be expreſſed as follows, 
| | ———— ix a+ aG—BbL, 


| dividing both Numerator and Denominator by n, the 


1 | a 4 477 Wy ey 
fame may be expreſt by the Fraction 42544 22H, 


His -gain likewiſe, in the Caſe of Six Stakes to be won or 
5 | « ——— "Y wa — — 

loſt, will be expreſt by the Fraction ef x = and 

in the Caſe of Eight Stakes to be won or loſt, it will be ex- 

preſt by the Fraction - Lk X ——— So that we 

may conclude, that in any Caſe of an Even and equal num- 

ber of Stakes denominated by p, the gain of 4 will be ex- 


preſt by the Fraction Cn X — — — . 


But if the number of Stakes be Odd and equal, as it is 
in the Caſe of Five Stakes to be won or loſt, then the two 
Series 4 + C' + E' +6&' +7 &c. and B' + DN 
&c. will be unequal, and the exceſs of the firſt above the 
ſecond will be Unity. Wherefore to find the gain of 4, in 


the Caſe of Five Stakes, having ſet aſide the firft Term of 
the firſt Series, let all other the Terms be added together, 


by comparing them with thoſe that -are employed in the 
firſt Theorem of our ſecond Lemma; which will be done 
thus. Since C'—1x, E = 1, and G' =5 E'r — 5 C'rr 


and 


— — — 
pam — — ——— 
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and the ſum of that Series will be found to be eg 
To the double of which adding Unity, which we had ſet 
aſide, it will appear that the ſum of the two Series together 


: e 2.126 16% RAI iting Sn | 
will be of writing & in the room of 7, 


ga%* +523 +raabb +5063 + 56% | | 3 
2 — a3 b + aabb — ab3+ 6+ . Now by reaſon that the 


Terms of both Numerator and- Denominator of this laſt : 
Fraction compoſe a Geometrick Progreſſion, the Numerator 


Rs eee A 3 and the Denominator will 


be reduced to ER, From whence it follows, that the 


ſum of theſe. two Series will be — — and that 


a TY X25 
gain of 4 will be 1 
the gain | I =. If the 


gain of A4 be likewiſe inquired into, in the Caſe of Seven 
Stakes to be wort or loſt, then it will be found to be 
= _ x 2 = : E. And the ſame form of expreſſion 
being conſtantly obſerved in all caſes wherein the number 
of Stakes is Odd and equal, we may conclude that if that 
number be denominated by p, then the gain of A will be 


par —pbr „ aG—bL_ 
"a? +b? a—b 
gain of A having been found to be the ſame in the Caſe 
of an Even number of. Stakes, as it is now found in the 
Caſe of an-Odd one; we may conclude, that it is general, 
and belongs to any equal number of Stakes whether Even 
or Odd. Wh. 
If the number of Stakes be unequal, the Inveſtigation of the 
gain of A will be made in the ſame manner asit was in the 
Caſe of an equality of Stakes. Thus, let us ſuppoſe that the 
Play be to continue till ſuch time as either A wins Two 
Stakes, or B Three. In order therefore to find the gain of 
A, let the Series 4' + B CCD + E' + F' 3 


Now this expreſſion of the 
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be divided into two parts, viz. 4 + C' E/ Kc. and 


B/ + D' F &c. then it will appear, from our XXXIIIa, 
and XXXIX. Problems, that 4' = 1, C' = == =, 
E'=3C'r— 1 Arr. Having now obtained the firſt 


Terms of the Series, and the Relation of each Term of it 


to the preceding ones; it will be eaſie to find the ſum of all 
its Terms, by the help of the firſt Theorem of our ſecond 
Lemma, making the Quantities, A, B, m, x therein employed 
to be reſpectively equal to 1, =, .3» 1. This done, 
the ſum of that Series will be found to be equal to 


— _ Tn 3 | 
—F FFF like manner it will appear, 


that in the ſecond Series B“ is = 1, D'= 2245 +3448 - 

5 2446 »5 

F = 3 D'r —B/ rr; from whence the ſum of all its Terms 
. | aa + 246 266 FF 5 

will be found to be TE e f -: And both 


ſums of thoſe Series being added together, the aggregate of 


| : — 2 37 Xa+b . : 
them will be IITET ESR But the 


Terms of this Denominator compoſing a Geometric Progreſ. 


ſion, whoſe ſum is , the foregoing Fraction may 


L \ 24* + 24% 5 2aabb — — a+b. - 

be reduced to 2200 3462 —39X07+5, which 
Fraction is ſtill capable of a farther. reduction; for the three 
firſt Terms of its Numerator compoſe a Geometric Progreſſi- 
on, and the two laſt Terms may be conſidered as being in 
Geometric Progreſſion, and conſequently the Fraction may 


: 3 = : 3 Pea $ : 388 . — — 
at laſt be reduced to . - 
: 25 —bIXa—b 


from which expreſſion, the gain of A. will be found tobe 


* 


27 — bs a —þ 


Go: 4 | By 


Dp ——— 
22 Ka g — 2þ3 X aa—bb „ aG-bL 


100 


„ 
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1 


By the ſame method of Proceſs, it will be eaſy to deter. 
mine the gain of A under any other circumſtance. of Stakes 
to be won or loſt: And if it be remembred always to ſum 
up thoſe Terms which are in Geometric Progreffion, all the 
various expreſſions of the gain of 4, calculated for differing . 
numbers of Stakes, will appear to be uaiform:t From whence- 
it may be collected by bare inſpection, that the gain of A is 

what we have aſſerted it to be, viz,. 


— 


. * ; 411 -t? i a—b 


It is to be obſerved; Firſt; chat if p and q be equal, the fore. 
going expreſſion may be reduced to _ . x — = 5 = , 
as will appear if both Numerator and Denominator be divi-- 
ded by , having firſt ſubſtituted. p in the room of 2 
Secondly, that if 4 and ù be equal, the ſame expreſſion may 
be reduced to p q x W, which will appear if both Nume- 


2 


rator and Denominator be divided by =. 

After I had Solved the foregoing Problem, I wrote word 
of it to Mr. Nicolas Bernouliy, the preſent Profeſſour of Ma-- 
thematics at Padoua, without acquainting him with my So- 
lution: 1 only let him know in general that it was done by 
the Method of Infinite Series; whereupon he fent me two 
different Solutions of that Problem: And as one of them has 
ſome Affinity with the. Method of Series uſed; all along in 
this Book, I ſhall tranſeribe it here in the Words of his Let- 
ter, My Uncle has obſerved that this Problem may alſo 
he Solved after the ſame manner as you have Solved the 
« Ninth Problem of your Tract de Menſura Sortis, it be- 
4 ing viſible that the Expectations of the Gameſters will re- 
4 ceive no alteration whether it be ſuppoſed that the Pieces 
« which A and B Set every time to each other, are reſpective- 
& ly L and 6, or whether it be ſuppoſed that thoſe. Pieces 
4 conſtitute the following. Progreſſion, viz. 


a © aa l a” ag” 4 | 
A &c. the number of whoſe Terms is p++q, whereof 
Ee 4 ? See the Hh Problem of this Bt | 


the 
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& the firſt, whoſe aumber is p, denote the Pieces of 4; and 

_ © the latt, whoſe number is 3, denote the Pieces of B: For in 
© either Caſe the gain of A will be E. Now it being 


c poſſible to find the ſum of any number of Terms of this Pro- | Io 
« greſſion, it follows that the different values of all the Pieces 
of each Gameſter may be obtained: Let therefore thoſe - 
e values be denoted refoettively by S- and 7; let alſo the 
* Probabilities of winning the number of Stakes agreed up- 
& on be called 4 and B reſpeQively, which Probabilities are 


4.4712 — 4 1 57 and b. 
4277 — 57 4777 — fois” 
derived them, your ſelf in your aforeſaid Problem, and 1 

„ in Mr. Montmort's Book. This being ſuppoſed, the gain of 4 
vill be found to be 47 — BS; or A A=. 


N. B. Tho” I may, accidentally, have given a uſeful Hint 
for that elegant Method of ſolving the foregoing Problem, yet 
I think it reaſonable to aſcribe it entirely to its proper Author; 
the Hint having heen improv'd much beyond what I could 
have expected. 18 5 


REMARK 


T is to be obſerved, that the gain of 4-is not to be regu- 

1 lated by the equal Probability there is that the Play may, 
or may not be Ended in a certain number of Games. For 
inſtance, If two Gameſters having the ſame number of Chan- 
ces to win a Game, deligg' only to play untill ſuch time only 
as two Stakes are won or loſt; it is as Probable that the Play 
may be Ended in two Games as not, yet it cannot be con- 
cluded from thence, that the gain of A is to be eſtimated 
by the Product of the Number 2 by one half of the Diffe- 
rence of the Stakes: Por it has been Demonſtrated that this 
gain will be Four times that half difference. In like manner, 
if the Play were to continue, till either A ſhould win "Two 
Stakes, or B Three; it will be found, that it is as Probable 
that the Play may End in Four Games as not; and yet the 
ain of A is not to be eſtimated by the Product of the Num- 
r 4, by one half of cue Difference of the Stakes; it ha- 
ving 


ſuch as we had ſeverally 


{ons 
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ving been Demonſtrated that it is Six times that half Diffe- 
rence. . To make this the. more ſenſible, let us ſuppoſe that 
A and B are. to Play till .ſuch time as 4 either wins one 
Stake, or loſes Ten: It is plain, that in this Caſe it is as Pro- 
bable.that the Play .may be Ended in One Game as not, and 
yet the gain of 4 will be found to be Ten times the Diffe- 
rence of the Stakes. From hence it is plain, that this gain 
is not to be eſtimated, by the equal Probability of the Plays 
Ending or not Ending in a certain number of Games, but 
by the Rules which have been preſcribed in this Problem. 


PROBLEM XIIV. 


F A ad B, whoſe proportion of * Skill is as a to b, refolving 
to Play together till 2 time as Four Stakes are won or loſt 

on either fide, agree between themſelves, that the firſt Game that 
i play d, they ſhall Set to each other the reſpective ſums L and G; 
that the ſecond Game they ſhall Set the ſums 2 L and 2 G; the 
third Game the ſums 3 L and 3 G, and ſo on; the Stakes increa- 
ſong continually in an Arithmetic Progreſſion : It is Demanded how 
the gain of A is to be eſtimated in this. Caſe, bifore whe Play 


. begins. 
SOLVTION 


T ET there be ſuppoſed a Time wherein the Number p 

of Games has been play'd; then 4 having the Num- 
ber 4 of Chances to win the ſum pÞ Tx G in the next Game, 
and B having the Number & of Chances to win the ſum 


— 


p+F1xL; it is plain, that the gain of A in that circumſtance 
of Time will be p+ 1x E. But this gain being to be 
eſtimated before the Play begins, it follows, that it ought to 
be eſtimated by the Quantity p I multiplied by 

| "IP 3 5 a2 ＋ . 
the reſpective Probability there is that the Play will not 


then be Ended; and therefore the whole gain of 4 is the 
ſum of the Probabilities of the Plays not Ending in o, 1, 2, 


35, 4 5» 6 &C. Games ad infinitum, multiplied by the reſpect- 
ive values of the Quantity FTI A * — 5 / being Inter- 
| preted 
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preted ſucceſſively by the Terms of the Arithmetic Progreſ⸗ 
- ſion, o, 1, 2, 3, 4, 5, 6 &c. Now let theſe Probabilities of 
the Plays not Ending be reſpectively called 4', B/, C' D., 
E,, F., G“ Rc. Let alſo the Quantity <£= be called $; 
and thence it will follow, that the gain of A will be 4'S 
+2B'S+3C'S+4D'S+5E'S+6F'S &c. But in 

e Caſe of this Problem B/ is equal to 4', and D' is equal 
to C and ſo on. Wherefore the gain of 4 may be expreſ- 
ſed by the Series Sx 34” +7 +118 + 156! + 19 I &c. 
But it appears, by our XXXIIId Problem, that the Terms 
A, C' E,, 6“ are reſpectively equal to the following 
42135 + 6 aabb + 4ab3 : 
_14.24bb Wege 12 : Whence it follows, that 
the Terms 3 4 ＋ 7C'+11E' +156 may be obtain- 
ed: It appears alſo, from what we have obſerved in the 
preceding Problem, that the Relation of the Terms 4“, C., 
FE / &c. may be expreſſed by the Index 4 —2; and by the 
Third Lemma prefixt to that Problem; that the Relation of 
the Terms 3 4', 7.C', 11 E' &c. may be expreſſed by the 
Index 8 — 20 + 16 — 4: And therefore ſubſtituting the 
_ Quantities 3 A', 7 C', 11 E, 15G/ in the room of the Quanti- 
ties A, B, C, D, which we make uſe of in the Third Theo- 
rem of our ſecond Lemma; ſubſtituting likewiſe the Quan- 
tities, 8, 20, 16, 4 in the room of , », p, 4; and laſtly ſub- 
ſtituting 22 in the room of 7; the gain of A will be 


Quantities, viz. 1, 1, 


expreſt by the following Quantities, vir. 


8. * los T246'b+42e"6b 1640%2 +4255 pi ÞF24a5' Fiob® x pro 1 
„„ e 

which, in the Caſe of an equal number of Chances to win a 

Stake, would be reduced to 2116 &; and therefore if the Quan- 

tities G and L ſtand reſpectively for a Guinea and Twenty 


Shillipgs, which will make the value of 8 to be Nine pence, 
it follows, that the gain of 4 will in this Caſe be 8 /— 2 * 


Pp cC̃ierolarf J. 
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Corollary I. If the Stakes were to Increaſe according to the 
proportion of the Terms of any of thoſe Series which we 
have deſcribed in our Lemma's, and that there were any gi- 
ven inequality in the number of Stakes to be won or loſt, the 
gain of 4 might till be found, }|* 5 > 
. Corollary II. There are ſome Caſes wherein the gain of 4 
would be Infinite: Thus, if 4 and B were to Play till ſuch 
times as Four Stakes were won or loſt, and it were agreed be- 
tween them to double their Stakes at every Game, the gain 
of A would in this Caſe be Infinite : Which conſequence 
may eaſily. be deduced from what has been ſaid before. 


+ PROBLEM XLV.. 
J. A and B reſolve to Play till ſuch time as A either wins 


4 certain given number of Stakes, or that B wins the ſame, 
or ſome other given number of them: *Tis required to find in 
how many Games it will be as Probable that the Play may be 
Ended as not ? : | 


SOLUTION. 


T ET it be ſuppoſed that 4 and B are to play till ſuch 
£& time as either of them wins Three Stakes, and that 
there is an Equality of Skill between them. This being 
ſuppoſed, it will appear, from our XXXIV.h Problem, that 
the Probability of the Plays continuing for an Tndeterminate 
number of Games may be expreſt by the following Series, 
Viz. ö | 


the Caſe of an Equality of Skill between the Gameſters, will 


be reduced to this Series, 


W VII IX 1 3 | 
. c. Whole Te ive- 
P ee wh ſe Terms are reſpective- 


ly correſponding to the number of Games z. &c. 
Wherefore ſo many of thoſe Terms ought 8 be hen, as 


that their ſum being multiplied by the common Multiplica- 


tor 
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tor — or , the Product may be equal to the Fraction = 


which Fraction denotes the equal Probability of an Events 
Happening or not Happening: But if two of thoſe Terms be 
taken, and that their ſum be Multiplied by ——, the Product 


will be =; which being leſs than the Fraction , it may 


"7" -B 
be concluded that Five Games are too few to make it as 
Probable that the Play will be Ended in that number of 


Games as not; and that the Odds againſt its Ending in Five 


Games are 9 to 7. But if Three of thoſe Terms be taken, 
then their ſum being multiplied by the common Multiplica- 
tor ——, the Product will be = which exceeding the Fract- 


ion —, it may be concluded that Seven Games are too ma- 


ny; and that the Odds of the Play being Ended in Seven 
Games, or ſooner, are 37 to 27, or 4 to 3 very nearly. 
N. B. It would be needleſs to inquire whether Six Games 
might not bring the Play to an equal Probability of Ending 
or not Ending; it having been obſerved before, that in the 
Caſe of an equality of Stakes to be play'd for, it is impoſſi- 
ble that the Play ſhould End in an Even number of Games, 


if the number of Stakes be Odd; or that ir ſhould End 
in an Odd number of Games, if the number of Stakes be 


Even. | a 
In like manner, if the Play were to continue till Four 
Stakes be won or loſt on either ſide: Then taking. the fol- 
lowing Series, viz. 


= x 1 + Ah +255 +£5% &c, which, upon 
the ſuppoſition of an equality of Skill between the Game- 
ſters, may be reduced to this, viz. 

88 VIII 1 


= * + &c. let ſo many 
of its Terms be tried, as will make the Product of their ſum 
multiplied by , equal to the Fraction , or as near it 
as poſſible. Now Eive of thoſe Terms being tried, and their 
ſum being multiplied by ; or 4-, the Product will 


be 251 , Which not differing much from = it m. he 8 
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concluded that Twelve will be very near that number f 
Games, which will make the Probabilities of the Plays End- 
ing or not Ending to be equal; the Odds for its Ending 
being only 1092 to 956, or 8 to 7 very nearly. But the 
Odds againſt its Ending in Ten Games, will be found to be 
39 to 29, or 4 to 3 nearly, | 
By the ſame method of Proceſs, it will be found that 
Five Stakes will probably be won or loſt in about Seven- 
teen Games: It being but the Odds of 11 to 10 nearly, that 
the Play will not be: Ended in that number of Games, and 
10 to 9 nearly, that it will be Ended in Nineteen. : 
It. will alſo be found that Six Stakes will probably be won 
or loſt in about Twenty Six Games, there being but the 
Odds of 168 to 167 nearly, that the Play will not be End- 
ed in that number of Games, and 25 to 22 nearly, that 
it will be Ended in Twenty Eight. x 
If the ſame Method of Trial be applied to any other num- 
ber of Stakes, whether equal or unequal, and to any pro- 
portion of Skill, the number of Games required will always 
be found. | 3 
Yet if .the number of Stakes were great, thoſe Trials 
would become tedious, notwithſtanding the Help that might 
be derived from our Second Lemma, whereby any number 
of Terms of thoſe Series which are employed in the Solution 
of this Problem, may be added together. For which reaſon 
it will be convenient to make ſome Trials of another nature, 
and to ſee whether, from the reſolution of ſome of the ſim- 
pleſt Caſes of this Problem, any Analogy can be obſerved 
between the number of Stakes given, and the number of 
Games which determine the equal Probability of the Plays 
Ending or not Ending. © | 
Now Mr de Moxnmort having with great Sagacity diſco- 
vered that Analogy, in the Caſe of an equal and Odd num- 


ber of Stakes, on ſuppoſition of an equality of Skill between 


the Gameſters, I thought the Reader would be well pleaſed 


to be acquainted with the Rule which he has given for that 


.-purpoſe, and which is as follows. | 

Let » be any Odd number of Stakes to be won or loft 

on either fide ; let alſo 2 be made equal to p: Then the 

Quantity: 35% — 35 2 will denote a number of Games, 
| wherein 


The Doctrine of CHAN cRS. 149 
wherein it will be more than an equal Chance that the Play 
will be Ended; thus, if the number of Stakes be Nineteen, 
then p will be 10, and the Quantity 3pp— 3p + r will 
be 271, which ſhews that *tis more than an equal Chance 
that the Play will be Ended in 271 Games. | 

The Author of this Rule owns that he has not been able 
to find another like it, for an Even number of Stakes; but 
I am of opinion, that tho? the ſame Rule, being applied to 
that Caſe, may not find the juſt number of Games wherein 
there will be more than an equal Probability of the Plays 
Ending, yet it will always find a number of Games, where- 
in it is very near an equal Wager that the Play will be 
Ended. Wherefore to make the Rule as extenſive as it may 
be, I would Chuſe to expreſs it by the number of Stakes 
whether Even or Odd, and make it 7 which differs 


from his own, but by the ſmall Fraction —. 


If any one has a mind to carry this ſpeculation ſtill farther, 
and to try whether ſome general Rule may not be diſcover. 
ed for determining, by a very near approximation, the num- 
ber of Games requiſite to make it a Wager of any given 
proportion of Odds, that the Play will be Ended in that num- 
ber of Games, whether the Skill of the Gameſters be equal 
or unequal ; let him Solve ſeveral Caſes of this Problem in 
the following manner, which I take to be as expeditious as 
the nature of the Problem can admit of. 

Upon a Diameter equal to Unity, if fo be the Skill of 


the Gameſters be equal; or to the Quantity — _ „if their 


Skill be in the proportion of 4 to ö, let a Semicircle be de- 
ſcribed, which divide into ſo many equal parts as there are 
Stakes to be won or loſt on either ſide, ſuppoſing thoſe Stakes 
to be equal. From the Firſt, Third, Fifth, Seventh &c. 

Points of Diviſion, 2 from one extremity of the Di- 
ameter, let Perpendiculars fall upon that Diameter, which 
by their concourſe with it, ſhall determine the verſed Sizes of 
ſo many Arcs, to be taken from the other extremity thereof. 
Let the greateſt of thoſe verſed Sizes.be called m, the next 
leſs p, the next to it 2, the next s &c. Make alſo 


Q 


| 
' 
A 
t 
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&c 


then will the Probability of the Play's not Ending in a number 


of Games denominated by x, be expreft by the Quantities 
wi 4 + 5 ** B + 9g * C+57*D xe. if the 
number of Stakes be Even, or by the Quantities 


p 


mw 7 A+p TY BTT c 57D &&. if the 


' number of Stakes be Odd. 


EXAMPLE I. 


Games there will he Four Stakes won or loft on either 


om be required to find what Odds there is, that in 40 


TT. g divided the Semicircle into Four equal parts, ac- 


e to the abovementioned directions, the Quantity mz 
will be the Verſed Sine of 135 Degrees, and the Quantity p. 


will be the Verſed Sine of 45 rees, which by the hel 
of a Table of ob will real de found to be ab 5355 and 
0.14645 reſpeQively. Moreover the Quantity 4 being e- 
qual to =, and the Quantity B to. =, will be found 
to be 1.2071 and — 0.2071. From whence it follows, that 


the Probability of the Plays not Ending in Forty Games may 
be expres d by the two following Products 0.85355)” x 1.2071 


— geg „ 0.2071, of which the Second may be en- 
tirely neglected, as being inoonſiderably little in reſpe&t of K 
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the firſt. Now the nw oye" of the firſt Product being 
2. 7063225, to which anſwers the number 0.05085, let that 
number be ſubtracted from Unity; and the remainder being 
0.94915, I conclude that the Odds of the Plays Ending in 
Forty Games are as 94915 to 5085, or very near as 19 


_ EXAMPLE II. 


© ET it be required to find how many Games muſt be 
play'd, to make it a Wager of 100 to x, that Four 
. will be won or loſt on either ſide, in that number of 

ames. * 

Let x be the number of Games required: Then by the 
foregoing Example it will appear that we may have the 
Equation 5355] x 1.2071 = 3, in which the value 
of x may eaſily be obtained by Logarithms; it being found 
by one ſingle Diviſion to be about 6. 

Tf the Stakes be unequal, the Solution will confiſt of two 
Series, in both which the Quantities , p, q &c. will be of the 
ſame value, and will be determined likewiſe by a Table of 
Sizes, In this Caſe the Semicircumference ought to be di- 
_ vided into as many equal parts as there are Units in the 
number of all the Stakes: Thus, if the Stakes were Four 
and Five, the Semicircumference ought to be divided into Nine 
equal parts: But then it is to be obſerved that the wer/ed 
Sines of thoſe Arcs, which, in the Caſe of Nine Stakes for 
each Gameſter, are alternately omitted, are thoſe which, in 
the Caſe of Four and Five, are to repreſent the Quan- 
tities m, p, J &c. It is to be obſerved alſo that the Quan- 
tities A, B, C, D &c. by which the Terms of the firſt Series 
are to be reſpectively Multiplied, will be found to differ 
from the Quantities 4/, B., C, D &c. by which the Terms 
of the ſecond Series are alſo to be reſpectively Multiplied; 
and that both thoſe Series of Quantities may be determined 

by proper Theorems contrived for that purpoſe. 
Before I make an End of this Subject, I ſhall propoſe an 
Inquiry to be made by thoſe who have ſufficient leiſure to 
Try the foregoing Methods ; which is, whether the number 
of Games, wherein it will be an equal Wager that the = 
Wi 
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will be Ended, upon the ſuppoſition of an equal number 
of Stakes to be won or loſt on either ſide; as alſo of the pro- 
portion of Skill expreſt by 4 and 6, may not be determined 
very nearly by the following Expreſſion, viz. 


ma” — 26 aa—ab—+bb_ 
a FE oaa—Ftb- 


PROBLEM XLVI. 


F A and B, whoſe proportion of Skill is ſuppoſed equal, play 

I Zogether till Four 3 be 4 or loſt ae 774 . 8 

that C and D, whoſe proportion of Skill is alſo ſuppoſed equal, 
play likewiſe together till Five Stakes be won or loſt on either 

fide : What is the Probability that the Play between A and B will 
be Ended in fewer Games than the Play between C and D? 


SOLUTION. 


HE Probability of the Firſt Play's being Ended in any 
number of Games before the Second, is compounded of 
the Probability of the Firſt Play's being Ended in that num- 
ber of Games, and of the Second's not being Ended with the 
Game immediate! 38 From whence it follows, that 
the Probability of the Firſt Plays Ending in an Indetermi- 
nate number of Games before the Second, is the ſum of all 
the Probabilities ad Infinitum of the Firſt Play's Ending, Mul- 
tiplied by the reſpective Probabilities of the Second's not be- 
ing Ended with the Game immediately preceding. 
But it appears from our XXXIV./ Problem, that the Pro. 
bability of the firſt Play's Ending in an Indeterminate number 
of Games, may be expreſt by the following Series, viz. 


10 vI vin . xn lv 
1 : 1 164 60 


It appears alſo, from our XXXIII Problem, that the Pro- 


bability of the Second Play's not Ending may be expreſt by 
the following Series, vis. | 


11 v 5 m n oO 
r. 
| | Now 


r 
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Now the Correſponding Terms of thoſe two Series being 
Multiplied together, the Products, ſuppoſing r equal to the 
Fraction , will compoſe the following Series, viz. 

27 + 3orr +3853 + 4800r*+ 5940075 &c. in which 
Series the Index of the Relation of each Numerical Quan- 
tity to the preceding ones, may be found by the help of our 
Third Lemma: For the Index of the Relation in the Nume- 
rator of the Firſt Series being 4 — 2, and the Index of the 
Relation in the Numerator of the Second being 5 — F, 
which Relations are deduced from the XXXIVth Problem, 
it follows, that if in the Theorem of our Third Lemma, the 
Quantities 4, — 2, 5, — 5, be reſpeQively ſubſtituted in the 
room of the Quantities , z, 4. 4, the Index of the Relation in 
the Third Series will be found to he 20 — 110 + 200— 100; 
wherefore all the Terms of this Series may be ſummed up by 
the Third Theorem of our Second Lemma, ſubſtituting the 
Quantities 20, 110, 200, 100 in the room of the Quantities 
m, u, p, q, therein employed; ſubſtituring alſo the Terms 
21, 3orr, 385, 480074 in the room of the Quantities 
A, B, C, D: For after thoſe Subſtitutions, the ſum of the Third 
- - | 27 — lor 5#3 
Series will be found to be — b — TER" 
which is reduced to = by changing the Quantity 7 in- 
to its value =. Now ſubtracting the Fraction — 
from Unity, the remainder will be the Fraction . the we. 
Numerators of which two Fractions expreſs the Odds of the —_ : 
Firſt Plays Ending before the Second, which conſequently | 
will be as 476 to 247, or 27 to 14 nearly. | | 1 
If in the foregoing Problem, the Skill of the Gameſters 1 | lo 
had been in any proportion of inequality, the Problem 
might have been Solved with the ſame eaſe. = | 

When in a Problem of this nature the number of Stakes 
to be loſt by either 4 or B, does not exceed the number 
Three, the Problem may be always readily Solved without | ' 

the uſe of the Theorem inſerted in our Third Lemma; tho? 8 
the number of Stakes between C or D be never ſo great. 
For which reaſon, if any one has the curioſity to try, if from 
the Solution of ſeveral Caſes of this Problem, ſome Rule may 
not be diſcovered for Solving = ſame generally ; it will be 
r con- 
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convenient he ſhould compare together the different Solutions, 
which may reſult from the ſuppoſition that the Stakes to be 
loſt by either 4 or B are Two or Three; and then the Caſe 
of the foregoing Problem may alſo be compared with all the 
reſt : Yet as theſe Trials might not perhaps be ſufficient to 
diſcover any Analogy between thoſe Solutions, T have thought 
fit to add anew Theorem in this place, whereby Four Caſes 
more of this Problem may be Solved, viz. When the num- 
ber of Stakes to be loſt by 4 or B, and by C or D, are 
4 and 6, 4and 7, 5 and 6, 5 and 7 : The Theorem being 
as follows. 3 1 | 
If there be a Series of Terms whoſe Relation is expreſſed 
by the Index 1+ 2+ z, and there be likewiſe another Series 
of Terms whoſe Relation is expreſſed by the Index pq; 
and the Correſponding. Terms of thoſe two Series be Multi- 
plied together: Then the Index of the Relation in the Third 
Series, reſulting from the Multiplication of their correſpond- 
ing Terms, will be expreſſed by the Quantities. 8 


+ 2mq Imp +2lnqq Te 
Ip+ Uq+ np? — mmqgq —mupqq + nngq”. 
- +mpp + 325 Tap? 1 | 


It is to be obſerved, that altho? theſe ſorts of Theorems might 
be applicable to the finding of the Relation of thoſe Terms, 
which are the Products of the correſponding Terms of two 
different Series, both of which conſiſt of Terms whoſe laſt. 
Differences are equal to nothing; yet there will be no neceſ- 
ſity to uſe them for that purpoſe, that Relation being to be 
found much ſhorter, as follows. Fo 7 
Let e and F denote the rank of thoſe Differences which are 
reſpectively equal to nothing in each Series; then the Quan- 
tity e+f— 1 will denote the rank of that Difference which 
is equal to nothing, in the Series reſulting from the Multipli- 
cation of the correſponding Terms of the other two; and con- 
ſequently the Relation of the Terms of this New Series will 
eaſily be obtained by our firſt Lemma. 


Aſier 
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Her having given the Solution of ſeveral forts 
of Problems, each of them containing ſome de- 

gree of Difficulty not to be met with in any of the 
reſt; and having thereby laid a ſufficient foundation 
for. ſolving the moſt intricate caſes that may occurr in 
this Subject of Chances, it might almoſt ſeem ſuper- 
 fluous to add any thing to this Trait; Tet conſiders 
ing that a Variety of Examples is the propereſl 
means of making Rules eaſy and familiar; and de- 
ſigning to be as uſeful as poſſible to thoſe of my 
Readers, who perhaps may not be ſo well werſed in 
 Algebraical Calcalations, I have choſe to fill up the 
remaining Pages of this Book, with ſome eaſy Pro- 
| blems relating to the Games. which are moſt in uſe, 
ſuch as HAZ ARD, WRHISk, PIQUET, Ur. and 
10 enlarge a little more upon the Doctrine of 

Combinations. 


PROBLEM XLVII. 


T O fad at HAZARD the Advantage of the Setter ap- 
1 0% all Suppoſitions of Main and Chance. 


SOLUTION. 


ET the whole Money Play?d for be conſidered as a com- 
mon Stake, upon which both the Setter and Caſter have 
their ſeveral Expectations; then let thoſe Expectat ions be de- 
termined in the following manner. . 
Firſt, Let it be ſuppoſed that the Main is vii; then if the 
Chance of the Caſter be vi or viii, it is plain that the Set- 
ter having Six Chances to win and Five to loſe, his Expecta- 
tion will be = of the Stake: But there being Ten Chances 
| | | out 
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our of Thirty-ſix for the Chance to be v4 or viii, it follows, 
that the Expectation of the Setter, reſulting from the Proba- 


| bility of the Chance being vi or viii, will be 25 multiply- 


ed by , or - to be divided by 36. 


Secondly, If the Main being vii, the Chance ſhould Hap 
pen to be v or 7x; then the Setter having Six Chances to 


Win and Four to loſe, his Expectation will be = or + 


of the Stake: But there being Eight Chances in Thirty-ſix + 
for the Chance to be v or zx, it follows, that the ExpeQation 


of the Setter, reſulting from the Probability of that Chance, | 


will be = multiplied by , or to be divided by 36. 


3 birdly, If the Main being viz, the Chance ſhould Happen 


to be iy or x; then the Setter having Six Chances to win 


and Three to loſe, his Expectation will be = or 2. of 


the Stake: But there being Six Chances out of Thirty-ſix 
for the Chance to be iv or x, it follows, that the Expectation 
of the Setter, reſulting from the Probability of that Chance, 
will be = multiplied by , or 4 divided by 36. 


be expreſt by the following Quantities, vis, + = + 4+ 4- 


| 36 | 
which may be reduced to ==. Now this Fraction being 
ſubtracted from Unity, to which the whole Stake is ſuppo- 
ſed equal, there will remain the Expectation of the Caſter 
r babilities of winning being alwa "BY 
2 robabilities of winning being always proportiona 

to the Expectations, on ſuppoſition of the Sk «ok fixt, 
it follows, that the Probabilities of winning for the Setter 


and 
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and Caſter are reſpectively Proportional to the two numbers 
251 and 244, which properly denote the Odds of winning. 
Now, if we ſuppoſe each Stake to be 1, or the whole Stake 
to be 2, the Gain of the Setter will be expreſt by the Fraction 
V it being the Difference of the Odds divided bytheir Sum, 


* 93 each Stake to be a Guinea, will be about 
2 h⁴bt.:n 8 
By the ſame Method of Proceſs, it will be found that the 
Main being vi or viii, the Gain of the Setter will be * 
. : 713 
which is about 64 ; +-f in a Guinea, | 
It will alſo be found that the Main being v or ix, the 
Gain of the Setter will be 2 Which is about 44.: 2 — f 
in a Guinea. . = ? 
Coroll. x. If each particular Gain made by the Setter, in 
the Caſe of any Main, be reſpectively Multiplied by the 
number of Chances there are for that Main to come up, 
and the Sum of the Produtts be divided by the number of 
all thoſe Chances, the Quotient will expreſs the Gain of the 
Setter before a Main is thrown: from whence it follows, that 
the Gain of the Setter, if he be reſolved to ſet upon the firſt 


. . 44 1670 2 
Main, may be eſtimated to be n + 572. = to be 


divided by 24; which being reduced will be —2 very 


nearly, or about 4d.: 2 J. 
Coroll. 2. The Probability of no Main is to the Probabili- 
ty of a Main, as 109 ＋ 2 to 109 — 2, or as 111 to 107. 
Coroll, 3. The Loſs of the Caſter's hand, if each throw 
be for a Guinea, and he confine himſelf to hold it as long as 
he wins, will be 4 or about 94. in all, the Demonſtration 


of which may be deduced from our XXIV Problem. 


PROBLEM XLVIII. 
T. Four Gameſters play at WHISK; What are the Odds that 


any two of the Partners that are pitch'd upon, have not the 


Four Honoars? 


2 0 
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SOLUTION. 


Fin ſuppoſe thoſe two Partners to have the Deal, and the 
laſt Card which is turn'd up to be an Honour. 

From the ſuppoſition of theſe two Caſes, we are only to 
find what Probability the Dealers have of taking Three ſet 
Cards in Twenty five, out of a Stock containing Fifty one. 
To reſolve this the ſhorteſt way, recourſe muſt be had to 
the Theorem given in the Corollary of our XX: / Problem, in 
which making the Quantities z, c, d, p, a, reſpectively equal 
to the numbers 5x, 25, 26, 3, 3, the Probability required 


will be found to be = 2] or f 

Secondly, Tf the Card which is turn'd up be not an Honour, 
then we are to find what Probability the. Dealers have, of 
taking Four given Cards in Twenty five out of a Stock con- 
taining Fifty one, which by the aforeſaid Theorem will be 


5 21K 24 X 23 X 22 253 , 
found to be r 


But the Probability of taking the Four Honours being to 
be eſtimated before the laſt Card is turn*d up; and there 
being Sixteen Chances in Fifty two, or Four in Thirteen 
for an Honour to turn up, and Nine in Thirteen: againſt it; 
it follows, that the Fraction expreſſing the Probability of the 
Firſt Caſe ought to be Multiplied by 4; that the Fraction 
expreſſing the Probability of the Second ought to be Multi- 
plied by 9; and that the ſum of thoſe Products ought to be 
divided by 13; which being done, the Quotient , or 
. 1 a 29 

nearly, will expreſs. the Probability required. 
' Corollary, By the help of the abovecited Theorem, the fol- 
lowing Concluſions may eaſily be veriffed. | 
It is 27 to 2 nearly that the two Dealers have not the 
Four Honours. Eo | 

It is 23 to 1. nearly that the two Eldeſt have not the 
Four Honours: | 

It is 8 to x nearly that neither one Side nor the other have 
the Four Honours. TH NEL 2 24 


* 


dere P 
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re ener N 


The Doctrine of Cuances. 159 


Tt is 13 to 7 nearly that the two Dealers do not reckon 
Honours. | 


It is 20 to 7 nearly that the two Eldeſt do not reckon 


Honours. : £ 
It is 25 to 16 nearly that either one Side or the other do 
reckon Honours, or that the Honours are not equally divided. 


PROBLEM KXLIX. 
Of RAFFLING. 


F any number of Gameſters A, B, C, D &c. Play at Raffles: 
1 What is the Probability that the firſs of them having got his 
Chance wins the Money of the Play? | 
| SOL UT Ta | 
TY order to Solve this Problem, it is neceſſary to have a 

' Table ready compos'd, of all the Chances which there 
are in three Raffles, which Table is the following. Wherein 

The firſt Column contains the number of Points which are 
ſuppoſed to have been thrown by A in three Raffles. 

The ſecond Column contains the number of Chances 
which 4 has to win if his Points be above xxxi, or the 
number of Chances he has to loſe if they be either xxx; or 
below it. : 


The third Column contains the number of Chances which | 


be either xxx: or below it. | 
The Fourth Column contains the number of Chances 
which he has for an equality of Chance.“ 

The Conſtruction of this Table eafily- flows from the 
conſideration of the number of Chances which there are in a 
ſingle Raffle; whereof xviii or iii, have 1 Chance; ævii or iv, 
3 Chances; xvi or v, 6 Chances; xv or v4, 4 Chances ; xiv 


A has to loſe, if his Points be above xxx, or to win if they 


or vii, 9 Chances; xiii or viii, 9 Chances; x: or ix, 7 Chances; 
xi or x, 9 Chances; which number of Chances being duly- 


Combined wil! afford all the Chances of Three Raffles. 


TA 


60 
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A TABLE of all the CHANCES 
which are in three Raffles. 


Chances to win Chances to Equality of 
Points or loſe, win or loſe. Chance. 
ii 884735 ” Ex I 
iti * 884726 ws 2 9 
2 xi 884681 10 
2 xii 884534 55 147 
{] 1:1 at 884165 202 369 
RY. . N | — 

x lxix xiv 88 3400 571 + of 
xtviit EL 881954 1336 1446 
xlvit| | avi 879470 2782 2484 

xlvi vii 875570 5266 3969 

lv xvi 869632 9235 5869 

' xhiv | xix 861199 15104 8433 
æliii ? or- x 849706 23537 3293 

xlii| xx: 834679 35030 15027 

xli xi 815392 50057 19287 

* | xxii 791506 69344 23886 

:XXXix | xxiv 762838 93230 28668 

' xxvtie] | -xxv 7128971 121898 33867 
& xxvii xi 690100 155765 38871 

xxxVi-F | xxvis 646929 194636 43171 

= XxUIE J99472 237807 47457 
xi | xxix 348863 285264 50607 
xxxiii xxx 496314 335871 52551 
x xxii \ xxxi 442368 356423 53946 
Sum 442368 
442368 
884736 
This 
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This being once ſuppoſed, let it be required to find the 


Probability which A has of winning, when the number of 


his Points being xi, there is but one Gameſter B beſides 
himſelf. LOS | 

Take the number 791506, which in the ſecond Column 
ſtands over againſt the number xl, to be found in the Firſt. 


Take alſo one half of the number which in the Fourth Co- 


lumn ſtands over againſt the ſaid Number x, which half is 
11943. Let theſe two Numbers viz. 791506 and 11943 be 
added together, and their Sum 803449 being divided by 
884736, which is the Number of all the Chances, the Quo- 
tient, vis. 4333222 will expreſs the Probability required. 
Now this Fraction being Subtracted from Unity, and the 


| remainder being -3-252., it follows that the Numerators 


of theſe two Fractions, viz. 803449 and 81287 do expreſs 


the Odds of winning, which may be redu&d to 89 and 9 
nearly. | EN 
Bu: if the Number of Points which 4 has thrown for his 


Chance being x/ as above, there be two other Gamefters B 


and C beſides himſelf, the Probability which he has of win- 
ning will be found thus. | 


ake the Square of the Number ſet down over againſt xt 


in the ſecond Column, which Square is 626481748036. 
Take alſo the Product of that Number by the Number ſet 
down over againſt xi in the Fourth Column, which Product 
is 18905912316. Laſtly, take the third part of the Square 
of the Number ſet down in the Third Column, which 
third part will be 1901803 32, and let all thoſe numbers be 
added together: Then their Sum being divided by the Square 
of the whole Number of Chances, viz. by 782757789696, 


p 645377840684 - 0 
the Quotient <2 will expreſs the Probability re- 


quired ; from whence it may be concluded that the Odds of 


winning are nearly as 33 to 7. | 

N. B. If ſome of the laſt figures in the Numbers of the 
foregoing Table be neglected, the Operation will be ſhort- 
ned, and a ſufficient Approximation obtain'd by help of 
the remaining Figures. : | 
From what we have ſaid it follows, that 4 having x for 


the number of his Points, has leſs advantage when he Plays 


1 againſt 


A 
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againſt One than when he plays againſt Two: For ſuppoſing 
— Man's Stake be a Guinea, he has in the firſt Caſe 89 
Chances for winning 1, and 9 Chances for loſing 1: 
From whence it follows that his Gain is =2=2. or 5 


which is about 17 fh. 6 4. N 
But in the ſecond Caſe, ſuppoſing alſo each Man's Stake 
to be a Guinea, he has 33 Chances for winning 2, and 7 
Chances for loſing zz 1 f | 
Whence it appears, that his Gain in this Caſe is 2232=2 
or => which is about 1 . — 12 ſh. — 8 d. But Note, that it 
is not to be concluded from this ſingle Inſtance, that the 
Gain of A will always increaſe with the number of 
Gameſters. V | 
If the number of Gameſters be never ſo many, let p be 
their number, let 4 be the number of Chances which 4 has 
for winning when he has thrown his Chance, let be the 
number of Chances which there are for an Equality of Chance 
between 4 and any of the other Gameſters ; Laſtly, let the 
whole number of Chances be denoted by S: Then the Pro- 
bability which 4 has of winning will be expreſſed by the 


following Series. | 
Zee 


| FLEE | 

Which Series is compoſed of the Terms of the Binomial 
a + reduced into a Series, all its Terms being divided 
by 1, 2, 3, 4 5 Ec. reſpetively. 

The foregoing Theorem may be uſeful, not only for ſol- 
ving any Caſe of the preſent Problem, but alſo an infinite 
_— of other Caſes, in thoſe Games wherein there is 
no Advantage in the order of Play: And the Application of 
it to Numbers will be found eaſy, to thoſe who underſtand 
how to ule Logarithms. N 1 5 


PRO- 


— 


= 


: 2 


king Four Hearts out of Eight, will be found to be 
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.- PROBLEM L 


T O find what Probability there u, that any Mane of C ards 


of each Suit may be contained in a given number of them 
talen out of a given Stock. ER 


SOLUTION. 


Irſt, Find the . whole number of Chances there are for 
taking the given number of Cards out of the given 


Secondly, Find all the particular Chances there are for 
taking each given number of Cards of each Suit out of the 
whole number of Cards belonging to that Suit. 


Thirdly, Multiply all thoſe particular Chances together 7 
then divide the Product by the whole number of Chances, 
and the Quotient will expreſs the Probability required. 


Thus, If it be propoſed to find —— ility of taking 


Four Hearts, Three Diamonds, Two Spades and One Club, 


in Ten Cards taken out of a Stock containing Thirty-two. 
Find the whole number of Chances for taking ten 


Cards out of a Stock containing two and Thirty ; which is 
properly Combining two and Thirty Cards Ten and Ten.- 


To do this, write down all the Numbers from 32 incluſive- 
ly to 22 excluſively, ſo as to have as many Terms as there 
are Cards to be Combined; then write under each of them 
reſpectively all the numbers from One to Ten incluſively, 
thus, | TD | 
32 X 31 X 30 X 29 X 28 X 27 X 26 X 25 X 24 X 22. 
1X. 2 Xx 3.:X (( 
Let all the numbers of the upper Row be Multiplied to- 
gether; let alſo all the numbers of the lower Row be Mul- 


tiplied together, then the firſt Product being divided by 


the ſecond, the Quotient will expreſs the whole number of 


Chances required, which will be 64512240. 
By the like Operation the number of Chances for ta- 


— 


1X 2 Xx 17 4 | TE 
| „ „ 
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; The number of Chances for taking Three Diamonds out 
of Eight will alſo be found to be - = _ =56 
The number of Chances for taking Two Spades out of 
Eight will in the ſame manner be found to be — 28, 
TLſth, The number of Chances for taking One Club out 
of Eight will be found to be & — 8. 


Wherefore, Multiplyin all theſe particular Chances to- 


gether viz. 70, 56, 28, 8, the Product will be 878080 | 


which being Divided by the whole number of Chances, the 
Quotient ==, e er nearly, will expreſs the Probabili- 
ty required: From whence it follows, that the Odds agaioft 
taking Four Hearts, Three Diamonds, Two Spades and 


One Club in Ten Cards, are very near 99 to 2. 


It is to, be obſerved that the Operations whereby the 
Number of Chances is determined, may always be contraQ. 
ed, except in the ſingle caſe of taking one Card only of a 
given Suit. Thus, If it were propoſed to ſhorten the Fraction 
32 X 31 X 30 X 29 X 28 X 29 K 26 X 25 X 24 X 23 * D 
CE TAY N44 FRXRGOX I KE x9 X 75 Which de- 
termines the number of all the Chances belonging to the 


Foregoi lem: Let it be conſidered whether the Product 
of any two or more Terms of the Denominator, being 
tipli ther, be equal to any one of the Terms of 


the Numerator; if ſo, all thoſe Terms may be expunged 
out of both Denominator and Numerator. Thus the Pro- 
duct of the three Numbers 2, 3, 4, which are in the Deno- 
minator, being equal to the Number 24, which is in the 
the Numerator, it follows, that the three Numbers 2, 3) 4 
may be expunged out of the Denominator, and at the ſame 
time the Number 24 out of the Numerator. For the ſame 
reaſon the Numbers 5 and 6 may be expunged out of the 
Denominator, and the Number 3o out of the Numerator, 
which will reduce the Fraction to be 5 
32 X 31 Xx 32 X 29 X 28 X 27 X 26 X 25 X ZA x 23 
EK X 3 XF XJIXEX 7X TX 9 X-10 - | 
It ought likewiſe to be conſidered whether there be any of 
the remaining Numbers in the Denominator that Divide 
exactly any of the remaining Numbers of the Numerator. 


If 
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If fo, thoſe Numbers are to be expunged out of the Deno- 
minator and Numerator, but the reſpective Quot ients of 
the Terms of the Numerator divided by thoſe of the Deno- 
minator, are to be ſubſtituted in the room of thoſe Terms 
of the Numerator. Thus the Terms 7, 8, and 9g of the De- 
nominator dividing exactly the Numbers 28,32 and 27 of the 
Numerator, and the Quotients being 4, 4 and 3 reſpeQively, 
mbers 7, 8, 9, 28, 32, 27 ought to be expunged, 
5e Quotients 4, 4, and 3 ſubſtituted in the room of 28, 
7 reſpectively, in the following manner; | 


4 $ 3 | 

ZZ I X 3@ X 29 28 * Z7 K 26 X 25 * 24 Xx 23 

I X 2 * 1 ) MR 3 x 5 x 2S 
It ought alſo to be conſidered, whether the remaining 


Terms of the Denominator have any common Diviſor with 
any of the remaining Terms of the Numerator ; if ſo, divid- 


ing thoſe Terms by their common Diviſors, the reſpective 


Quotients ought to be ſubſtituted in the room of the Terms 
of the Numerator. Thus, the only remaining Term in the 
Denominator, beſides Unity, being 10, which has a common 


Diviſor with o the remaining Terms of the Numerator, 


viz. 25, and that common Diviſor being 5, let 10 and 25 
be reſpectively divided by the common Diviſor 5, and let 
the reſpective Quotients 2 and 5 be ſubſtituted in the room of 

them, and the Fract ion will be reduced to the following, viz. 


23 4 3 3 | 
ZZ X 3I X 3g X 29 X28 X Z7 X 26 X ZF X Z# x 23 
E n Gñ.lid 
„„ 0 2 
Laſtly, Let the remaining Number 2 in the Denominator 


| divide any of the - Numbers of the Numerator which are 


diviſible by it, ſuch as 26, and let thoſe two Numbers be 


expunged; but let the Quotient of 26 by 2, viz. 13, be ſub- 


ſtituted in the room of 26: And then the Fraction, neglect- 
ing unity, which is the only Term remaining, may be re- 
duced to 4 31 * 29 * 4* 3 x 13 * 5\x 23, the Product 
of which Numbers is 64512240, as we have found it before. 
The foregoing Solution being well underſtood, it will be 


| eaſy to enlarge the Problem, and to find the Probability of 


Uu taking 
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taking at leaſt Four Hearts, Three Diamonds, Two Spades, 
and One Club, in Eleven Cards; the finding of which de 
pends upon the four following Caſes, viz. taking 
5 Hearts, 3 Diamonds, 2 Spades, 1 Club, 
4 Hearts, 4 Diamonds, 2 Spades, 1 Club, 
4 iamonds, 3 Spades, 1 Club, 
4 Hearts, 3 Diamonds, 2 Spades, 2 Clubs. 

Now the number of Chances for the Firſt Cafe will be 
found to be 702464, for the Second 1097600, for the Third 
x756160, for the Fourth 3073280; which Chances being 
added together, and their ſum divided by the whole number 
of Chances for taking Eleven Cards out of Thirty two, 


the Quotient will be £2224, which may be reduced 1 


129024480 
— nearly. | 
From whence it may be concluded, that the Odds againſt 
the taking of Four Hearts, Three Diamonds, Two Spades, 
and One Club, in Eleven Cards, that is, ſo many at leaſt 
of every fort, is about 92 to 5. | | 
And by«the ſame Method it would be eaſy to ſolve any 
other Caſe of the like nature, let the number of Cards be 
what it will. 95 TD 0 


PROBLEM LL 


© find a PIQUET the Probability which the Dealer 
has for taking One Ace. or more in Three Caras, 
having none in his Hands. | 


SOLUTION. 


Rom the number of all the Cards, which are Thirty 

two, ſubtract ing Twelve which are in the Dealers 
Hands, there remains Twenty, among which are the Four Aces. 
From whence it follows, that the number of all the 
Chances for taking any three Cards in the Bottom, are 
the number of Combinations which Twenty Cards ma 
afford, being taken Three and Three; which, by the Rule 
given in the preceding Problem, will be found to be 
20X 19 X L or 1140. | FS | 


[4% 2X 3 


” The 


— 
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The number of all the Chances being thus obtained, find 

the number of Chances for taking one Ace preciſely, with 

two other Cards; find next the number of Chances for taking 

Two Aces preciſely with any other Card; Laſtly, find the 

number of Chances for taking Three Aces: Then theſe 
Chances being added together, and their ſum divided þ 


the whole number of Chances, the Quotient will expreſs 


the Probability required. | _ 
But by the Directions given in the preceding Problem, 
it appears, that the number of Chances for taking One Ace 


preciſely are ＋ or 4; and that the number of Chances for 


taking any two other Cards are —— or 120: From 


whence it follows, that the number of Chances for taking 
One Ace preciſely with any two other Cards, is equal to 
4 * 120 or 480. | 2 

In like manner it appears, that the number of Chances for 


taking Two Aces preciſely is equal to 4% or 6, and 
that the number of Chances for taking any other Card is 


2s. or 16; from whence it follows, that the number of 


Chances for taking Two Aces preciſely with any other Card {| 


is 6 x 16 or 96. 5 
Laſtly, It appears that the Number of Chances for taking 
Three Aces is equal to Az or 4 


Wherefore the Probability required. will be found to be 
480 +95 +4 or e.; which Fraction being ſubtracted 


1140 140? 
from Unity, the remainder, viz. 2. will expreſs the Pro- 
bability of not taking an Ace in Three Cards: From whence 
it follows, that it is 580 to 560, or 29 to 28, that the 
Dealer takes One Ace or more in three Cards. 
The preceding Solution may be very much contracted, 


by inquiring at firſt what the Probability is of not taking 


an Ace in Three Cards, which may be done thus: 
The number of Cards in which the Four Aces are con- 


tained being Twenty, and conſequently the number of Cards 


out of which the, Four Aces are excluded being Sixteen, it 
follows, that the number of Chances which there are for the 
taking Three Cards, among which no Ace {hall be found, 


78 
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is the . of Combinations which Sixteen Cards m 


afford, being taken Three and Three; which number of Con 
binations by the preceding Problem will be found to - 


46 X 15. X 14_ 
or 560. 


But the number of all the Chances which there are for 
taking any Three Cards in Twenty, has been found to be 
1140; from whence it follows, that the Probability of not 
taking an Ace in Three Cards is ; and conſequently | 


that the Probability of taking One or more Aces in Three 
Cards is 2: The fame as before. 


In the like manner, if we would find the Probability 


Which the Eldeſt has of taking One Ace or more in his 


Five Cards, he having none in his Hands; the ſeverall 
Chances may be calculated as follows. 
Hurst, The number of Chances for taking One Ace and 
Four other Cards will be found to be 7280. 
Saecondly, The number of Chances for taking Two Ace * 
and Three other Cards will be found to be 3360. | 
© Thirdly, The number of Chances for taking Three Aces 
and two other Cards will be found to be 480. 
Fourthly, The number of Chances for raking Four Aces 

and any other Card will be found to be 16. | 

Laſtly, The number of Chances for taking any Five 
Cards Will be found to be 15504. 

[LN the ſum of all the particular Chances, viz. 7280 
+ 3360 + 480 ＋ 16 or 11136, be divided by the ſum of 
all the cs, viz. by 15504, and the Quotient 33 will 


expreſs the Probability re uired. 
Now the foregoing Fraction being ſubtracted 1 Unity, 
the remainder, viz. 48 will expreſs the Probability of not 


taking an Ace in Five Cards; wherefore the Odds of taking 

an Ace in Five Cards are 11136 to 4368, or 5 to 2 nearly, 
But if the Probability of not taking an Ace in Five Cards 

be at firſt inquired into, the Work will be very much 


ſhortened ; for it will be found to be 
2 X 3 X 4 „ 5 


or 4368, to be divided by the whole number of Chances, 
viz. by 15504, which makes it as before, equal to 429 | 


But 


— 


Chances be found, Vis. 
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But ſuppoſe it were required to find the Probability 
Which the Eldeſt has of taking an Ace and a King in Five 
Cards, he having none in his Hands: 


x | For One Ace, One King and Three other Cards. 
2 | For One Ace, Two Kings and Two other Cards. 
3 For One Ace, Three Kings and any other Card. 
4 For One Ace and Four Kings. 

5 For Two Aces, One King and Two other Cards. 

6 For Two Aces, Two Kings and any other Card, 
7 For Two Aces and Three Kings. | 
8 | For Three Aces, One King and any other Card. 

9 For Three Aces and Two Kings. 

10 For Four Aces and One King. 

111 For taking any Five Cards in Twenty. | 
Among theſe Caſes, there being four Pairs that are alike, 
viz. the Second and Fifth, the Third and Eighth, the Fourth 
and Tenth, the Seventh and Ninth ; it follows, that there are 
only Seven Caſes to be Calculated, whereof the Firſt, Sixth 
and Eleventh, are to be taken ſingly ; but the Second, Third, 
Fourth and Seventh, to be doubled. Now the Operation 
is as follows. . | | 


The Firſt Caſe has = x + x F422 or 3520 


Ch X 2X3 
The Second, 4 423 % = or 1584, the double 


of which is 3168 Chances. 
The Third, + x 47432 % or 192, the double 
of which is 384 Chances. = - | 
| To + x 45-22 or 4 the double of 
which is 8 Chances, = BE 
The Sixth, +55 x * ＋ or 432 Chances. 


14 2 3 


The Seventh, 1. „ .. or. 24, the double of 
I 1X2 IA2X 3 42 


which is 48 Chances. 1 | 
The Eleventh, 2223235 X27 5 = or 15504, being the 


R K * 
number of all the Chances for taking any Five Cards out 
of Twenty. _ 


X X | * From 


Y | $ 


Let the following 
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From whence it follows, that the Probability which the 
Eldeſt has for taking an Ace and a King in Five Cards, 
he having none in his Hands, will be expreſt by the 
Fraction 9 | 

3520+ 3168 +384 +8 +432 +4 or 2562, 


15504 I5504 
Let this Fraction be ſubtracted from Unity, and the re- 
mainder being _, the Numerators of theſe two Fractions, 
wiz. 7560 and 7944, will expreſs the proportion of Proba- 
\ bility that there is, of taking or not taking an Ace and a 
King in Five Cards; which two numbers may be reduced 
nearly to the proportion of 20 to 21. | 
By the ſame Method of Proceſs, any Caſe relating: to 
W HISK might be Calculated, tho” not ſo expeditiouſly, 
as by the Method explained in the Corollary of our XXth - 
Problem: For which reaſon the Reader is deſired to have 
recourſe to the Method therein explained, when any other 
Caſe of the like nature happens to be propoſed... 


PROBLEM III 
o find the Probability of _—_ any number of Suits, in 


= gives number of Cards talen out of a given Stock; 
without e ing what number of Cards of each Suit ſhall be 
taken. | 


SOLUTION. 


Uppoſe the number of Cards to be taken out of the given 
8 Stock to be Eight, the number of Suits to be Four, and 
the number of Cards in the Stock to be Thirty-two. 

Let all the Variations that may happen, in taking One 
Card at leaſt of each Suit, be written down in order, as 
follows, | : 
| Ty Ty Ty Fy 
T, 5 2, 45 


„„ Þ > 
8 * 3» 


23. 2, 2, 7. 


Then 
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| Then ſuppoſing any particular Suits to be appropriated 

at pleaſure to the Numbers belonging to the Firſt Caſe, as 
if it were required, for Inſtance, to take One Heart, One 
Diamond, One Spade and Five Clubs; let the Probability of 
the ſame be inquired into, which, by our Leh Problem, will 
be found to be 22522; but the Problem not requiring the 


10515300 


Suits to be confined to any number of Cards of each Sort, 
it follows, that this Probability ought to be increaſed in pro- 
portion to the number of Permutations, or Changes of 
Order, which Four Things may undergo, whereof Three are 


alike. Now this number of Permutations is Four, and 
conſequently the Probability of the Firſt Caſe, that is, of taking 
Three Cards of three different Suits, and five Cards of a 
Fourth Suit, in Eight Cards, will be the Fraction 28522... - 


10518300 


| multiplied by 4, Or 114688 _ 


10518 3000/ꝗ 


In the ſame manner the Probability of the Second Caſe, 


ſuppoſing it were confined to One Heart, One Diamond, 
Two Spades, and Four Clubs, would be found to be 25440. 


1095183007 * 


which being multiplied by 12, viz. by the number of Per- 
mutations which Four Sorts may undergo, whereof TW] - 


are alike, and the other Two differing, it will follow, that 


the Probability of the Second Caſe, taken without any re- 


ſtriction, will be expreſſed by the Fraction 222282 


0518300 * 


The Probability of the Third Caſe will likewiſe be found 


1204224 | 
— — — — — —— 
to be I 0515 300 


The Probability of the Fourth will be found to be 


4214284 


10518300 


Laſtiy, The Probability of the Fifth will be found to 


be 71888 Theſe Fractions being added together, their 


ſum, viz. 23532, will expreſs the Probability of taking, 


the Four Suits in Eight Cards. | 
Let this laſt Fraction be ſubtratted from Unity, and the 


remainder being , it follows that 'tis the Odds of 


165718355 


7653632 to 2864668, or 8 to 3 nearly, that the Four 


Suits may be taken in Eight Cards, out of a Stock con- 
taining Thirty-two. 


Tho coly cat ͤ A is the find-- 


| ing readily the 
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of Things may undergo, when either they be all different, 
or when ſome of them be alike. The Solution of which 
may be deduced from what we have ſaid in the Corollary 
of our -XV1Izh Problem, and may be explained as follows, 
in words at length. 
Let all the numbers that are from Unity to that num- 
ber which expreſſes how many Things are to be Permu— 
ted, be written down in order; Multiply all thoſe Numbers 
together, and the Product of them all will expreſs the num- 
ber of their e they be all different. Thus the 
number of Permutations which Ten things are capable of, is the 
Product of all the Numbers x x2x 3x4x5 x6x 7 x8x9 x10, 
which is equal to 3628800. — 5 
But if "One of .them be alike, as ſuppofe. Four of One 


Fort, Three of another, Two of a Third, and One of a 


Fourth, write down as before all the Nambers x x 2 x 3 
X4X5x6x7x8x9x10; then write under them as many 
of thoſe Numbers as there are Things of the Firſt ſort that 
are alike, which in this Caſe being Four, write the Numbers 
-I X 2 x 3 x 4, beginning at Unity, and following in order. 
Write alſo as many of thoſe Numbers as there are Things 
of the ſecond ſort that are alike, viz. 1 x 2 x 3, ſtill be- 
ginning at Unity. 'In the ſame manner write as many more 
as there are Things of the Third fort that are alike, viz. 
I. „ 2; and ſo on: Which being repreſented by the Fraction 
: IX2X3X4X5X6X7X8 X9 X.10 © 
 TRADNYNXTXEX IXIXa® 2x” 
let all the numbers of the upper Row he Multiplied toge- 
ther, let alſo all the numbers of the lower Row be Multiplied 
together, and the Firſt Product being divided by the Second, 
the * 12600 will expreſs the number of Permutations 
uire 
"By this Method of 'Permutations, the Probability of 
throwing any determinate number of Paces of the like ſort, 
with any given number of Dice, may eaſily be found. Thus, 
ſuppoſe it were required to find the Probability of throwing 
an Ace, a Two, a Three, a Four, a Five, and a Six 
with ſix Dice. It is plain that there are as many Chances 
:for doing it, as there are Changes or Permutations in om 
| | _ Order 


The Doctrine of Cyuances. 173 


Order or Place of fix different Things, ſuppoſe of the Six 
Letters a, 6, c, d, e, f, which by the Rule above given 


would be 720, viz. the Product of the numbers r, 2, 3, 


4» 5, 6: For tho? the Piee are not conſidered as changing 
their Places, or as affording any Variation upon the ſcore 
of the different Situation they may have in Reſpe& to one an- 


other, being thrown upon a Table; yet they ought to be con- 
ſidered as changing their Faces, which is equivalent to their 


changing of Place. Now the number of all the Chances 
upon Six Dice, being the number 6 Multiplied into it ſelf, 
as many times wanting one as there are Dice, viz. 


6 * * 6; K6 * 6 or 46656, it follows, that the Pro- 


bability required will be expreſt by the Fraction 222 


2 
and conſequently, that the Odds againſt throwing the Faces 


undertaken, will be 46656 — 720 to 720, or 64 to 1 nearly. 


In the ſame manner ſuppoſe it were required to find the 


Probability of throwing One Ace, Two Two's and Three 
Three's with Six Dice. The number of Chances for the doing 
it being equal to the number of Permutations which there 


are in the ſix Letters ab#c cc, it follows, by the Rule before 


delivered, that the number of thoſe Chances will be 60, 
vie, the Fraction 1 ] 
that the Probability required will be g, and the Odds 
againſt the doing it 46656—60 to 60, or 776 to 1 nearly. 


If it were required to find the Probability of throwing _ 


Two Aces, Two Two's and Two Three's with 6 Dice, the. 
number of Chances for doing it being ] 


Nan KN 2 N 1 82 


or 90, and the number of all the Chances upon Six Dice 
being 46656, it follows, that the Probability required will 
be expreſt by the Fraction —22—. | 
Again, if it were required to find the Probability of 
throwing Three Aces and Three Sixes, -_y number of 
| . . 
Chances for doing it being 2 += r Or 20, and 


the number of all the Chances 46656, the Probability re- 


46656 


quired will be expreſt by the Fraction gx 


Yy . 


and conſequently 


— 


— 


e 
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PROBLEM LIL 
if = 


T3 * find at HAZARD the Chance of the Caſter, whey 
the Main being given, he Throws to any given number of 
Points. 5 8 


SOLUTION. 


| fu being eaſily reduced to our XLVIIh Problem, ic 
is thought ſufficient to exhibit the Solution of its dif- 
ferent Caſes in the following Table, which ſhews the Odds 
for or againſt the Caſter. | | 


Points | | 3 
Thromn C > =» £ 
"" exactly nearly 


Againſt the Caſter 538 to 407 or 37 to 28. 
iz For the Caſter — 989 to 901 or 45 to 41. 
t | For the Caſter — 2293 to 1487 or 37 to 24. 
iv For the Caſter — 2293 to 1487 or 37 to 24. 
V Againſt the Caſter2117 to 1663 or 14 to 11. 
vi. | Againſt the Caſter 2467 to 1313 or 62 to 33. 
” MAIN VI. 
Againſt the Caſter 2829 to 1873 or 83 to 54. 
11 | Againſt the Caſter 2483 to 2269 or 58 to 53. 
u | For the Caſter — 2621 to 2131 or 16 to 13. 
For the Caſter — 262-1 to 2131 or 16 to 13. 
| o [Againſt the Cancer 2493 to 2269 or 58 to 53. 
vi. | Againſt the Caſter 2483 to 2269 or 58 to 53. 
| 5 | Againſt the Caſter 629 to 36x or 7 to 4. 
i; | Againſt the Caſter 277 to 218 or 14 to x11. 
iis For the Caſter — 25x to 244 or 36 to 35, 
| i | For the Caſter — 251 to 244 or 36 to 35. 
V | Hor the Caſter — 601 to 389 or 20 to 13. 
For the Caſter — 263 to 232 or 17 to 15. 


MAIN 


* 
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MAIN VIII. 
Againſt the Caſter 3275 to 1477 or 51 to 23. 
Againſt the Caſter 2483 to 2269 or 58 to 5 3. 
For the Caſter — 2621 to 2131 or 16 to 13. 
For the Caſter — 2621 to 2131 or 16 to 13. 
For the Caſter — 2483 to 2269 or 58 to 53. 
For the Caſter — 2665 to 2087 or 83 to 65. 
J MAZE IL _- 
Againſt the Caſter 2467 to 2313 or 62 to 33. 
Againſt the Caſter 2117 to 1663 or x4 to 11. 


For the Caſter — 2293 to 1487 or 37 to 24. 
For the Caſter — 2293 to 1487 or 37 to 24. 


| 


For the Caſter — 989 to 901 or 45 to 41. 


_ "Againſt the Caſter 538 to 407 or 37 to 28. 
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